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Abstract: Issues devoted to the non-stationary interaction of deformable and solid bodies with the 

environment are of great theoretical and practical importance.  The study of movements and dances 

of structures interacting with the environment is one of the most pressing problems of our time. The 

experience of modern fields of mechanical engineering and construction requires studying the 

impact of shock waves propagating in the environment surrounding the body on elements of 

structures and buildings.This applies, first of all, to the design of aircraft, underwater and surface 

structures, ships, public and industrial structures with large floors. At this time, the construction 

and reporting of these objects is carried out, on the one hand, from the point of view of assessing 

their strength, and on the other hand, in order to determine the speed and acceleration created in 

them due to the impact of impact loads, therefore, in addition to the strength of the object, the 

designer uses the available he has the equipment for the necessary work.  

       In this regard, a classification of classical problems of this type has developed in mechanics. 

       Various issues related to bodies and structures that interact unsteadily with the entire 

environment are covered in monographs [1,2,3] and other literature. In most studies of the 

interaction of waves with obstacles, the main interest is in the kinematic parameters characterizing 

the displacement of the center of mass of the body. In this case, the elasticity of the body is usually 

not taken into account and it is considered as an absolutely rigid body. Determining the load when a 

rigid body moves according to a given law is the initial stage of solving the problem of interaction 

of a moving obstacle with the environment. Based on the Laplace transform in time, this issue was 

considered in monographs. 

The paper examines the influence of a system of loads located inside and in mutual contact with 

spherical waves on the state of a cylindrical shell. The load system (grouped masses) is attached to 

the inner surface of the cover by means of elastic springs. The masses are also connected to each 

other through elastic springs with linear characteristics. The crowd can only move forward and 

backward. The solution to the problem is constructed using Fourier series (in terms of angular 

coordinates) and integral transformations (in Laplacian time in terms of Fourier axis coordinates). 

Copy integrals were calculated using the Gauss-Laguerre quadratic formula (for Fourier transform 

transforms) and using ultraspherical polynomials without serialization (for Laplace transform 

transforms). Numerical calculations were carried out for a steel coating immersed in a liquid, onto 

which a spherical wave with an exponential profile is incident. 

      This paper examines the issue of the effect of a non-stationary wave on a cylindrical cover 

containing a spring mass. However, a report was eventually made of a steel coating immersed in 

water that did not maintain a system of discrete masses. The problem was solved in the acoustic 

setting. 

https://e.mail.ru/compose/?mailto=mailto%3aengineeringmechanics@azmiu.edu.az
mailto:a.seyfullayev@yahoo.com
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        In this work, we study the movement of a rigid spherical insert with a spring mass in a solid 

elastic medium after the passage of a wave. The problem under consideration is equivalent to the 

problem of applying an impulse at the beginning of time. 

The problem under consideration is an equation of motion for the displacement of an elastic 

medium in vector form (Lame equations) in the absence of body forces: 

                        
 

2

2

divgrad
t

U
UU




 

         (1) 

where are the ,  Lamé coefficients, U  is the displacement vector, 
p

 and is the density of the 

medium. 

If we (1) express the displacement vector as the sum of potential and solenoidal parts, 

                        
0div,rotgrad  U

                   (2)                    

Then it follows from equation (1) that the  functions     and   will satisfy the following wave 

equations: 
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The   potential function characterizes longitudinal-compressional waves,   the function 

characterizes transverse (shear) waves, a  and b  their quantities are the propagation velocities of 

the corresponding waves. 

      The strain tensor components are defined as follows: 

                      
.3,2,1,2 ,,  iUU ijjiij                                               (6) 

       Huq's law is as follows: 

                   ijijijij  2
                                                     (7) 

where - ij
 are the stress tensor components. 

        ij
- is the Chronicler symbol. Since we will use spherical coordinates in the future, let's write 

these relations in spherical coordinates as well. 

       Since the problem under consideration is axisymmetric, the displacement vector components 

and stress components, in spherical coordinates   and   wave potentials, are expressed as 

follows: 
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Equations (3), (4) correspond to the following form in this coordinate system: 
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  and   potentials, as well as one-valued determination of displacement vector and stress tensor 

components, it is necessary to add boundary and initial conditions to equations (10), (11) and 

relations (8), (9). 

       It is assumed that the particles of the medium "sticking" to the insert move without being 

separated from it. 

       The ambient pressure at the input is determined as follows. 
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The input acts according to the following law: 
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where 1M
- the mass of the insert, 2M

 - the mass of the spring body, 1x  - the displacement of the 

insert, 2x
- the displacement of the spring body, L - the stiffness of the spring, P - the force of the 

environment on the insert. 

      This law of motion can be considered as the boundary conditions for the environment. 

     Since the medium is motionless at the beginning of time, then the appropriate initial conditions 

will be as follows: 

0
00
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tt
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                                                      (14) 

Thus, the boundary and initial conditions in the non-stationary case were completely determined for 

the considered problem. It is known that in elasticity theory courses there is and is the only solution 

to the problem with initial and boundary conditions formulated as above. 
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        PULSATING LIQUID FLOW IN A VISCO-ELASTIC TUBE OF 

A VARIABLE CIRCULAR CROSS SECTION 
 

E.A. ASLANOV, V.M. MURADOV, Ch. A. YUSİFOV 
                            e.aslanov@aztu.edu.az, vaqi.muradov@aztu.edu.az, çərkəz.yusifov @aztu.edu.az 
                                                                       

Abstract. Flows of liquid in deformable tubes in many cases may be depicted by the equations of 

hydraulic approximation [1, 2, 3]. The subject of this work is definition and solution of one-

dimensional equations for the case of propagations of long stationary waves in ideal 

incompressible liquid flowing in a semi-infinite tube of variable circular section, the properties of 

which comply with linear visco-elastic model of Foigt. The pulsating pressure is given on the tube 

face. The formulated problem is solved by the method of small parameter. 

Key words: incompressible liquid, pulsation, visco-elastic tube, stationary waves, heterogeneous 

equations, semi-infinite. 

1. Let us develop axisymmetric equations of one-dimensional motion and continuity at laminar flow 

of ideal incompressible liquid in a linear visco-elastic thin tube of variable circular section. 

Considering slow flow, then the equation of liquid flow along axis x will be as follows: 

 

p u

x t


 
 

 
  (1.1) 

 

Where  ,p x t - pressure,   - density of liquid,  ,u x t  - its axial velocity. Considering the property 

of equality of hydrodynamic and hydrostatic pressures at passage of long waves, we assume: 

 

  ,p k x   1k hR x ;  (1.2) 

 

Here   - hoop stress, h = const - tube thickness, R(x) - its radius.  

Taking the law of deformation in the form of ,Ee e   we write expression (1.2) as follows: 

 ( )p k x Ee e     (1.3) 

Where E and   - correspondingly the module of elasticity and viscosity coefficient of the tube, 
1( )e R x  - hoop strain, ( , )x t  - radial displacement. The point above e means differentiation 

with time t. Inserting a dimensionless magnitude 1,h   the formula (1.3) takes the appearance: 

  2 ( )p E k x    and equation of movement (1.1) to be re-written as follows: 

  2 ( )
u

k x Ew w
x t

 
 
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 

   (1.4) 

 

The equation of continuity for the deformed tube of variable section will take the appearance: 
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( ) 0,
w

uF L
x t

 
 

 
 2 ( ),F R x  2 ( ).L R x    (1.5) 

The last member in the equation (1.5) is a consequence of impermeability condition and it 

characterizes the consumption of liquid due to deformation of tube walls. Considering 

abovementioned indications, the continuity equation (1.5) takes finally the form.  

21
( ) ( )

2

w
k x k x u

t x

 
     

   (1.6) 

 

Cancelling out through differentiation the velocity u from the equations (1.4) and (1.6), we 

approach to the equation for definition of w . 
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2 2

1 2 2 1 1 2

2 2
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w
k x k Ew w k k Ew w
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    (1.7) 

 

Because of presence in the equation (1.7) of variable coefficients, its precise solution is quite 

difficult. For the approximate solution we use the method of small parameter.  

2. Let’s consider a case of semi-infinite tube, when on its face we have the pulsating pressure of the 

Following appearance: 

0(0, ) exp( )p t p i t     (2.1) 

where  - a given circular frequency, and 0p  - a given empirical pressure. Let’s represent R(x) as 

 0( ) 1 ( ) ,R x R x   where 1   - small parameter, and ( )x  - a given function, characterizing a 

form of perturbation of tube radius. It is natural to assume that ( )x has limited continuous 

derivatives up to the second order. Then we choose such an  , that k(x) approximately may take the 

following form: 

 1

0( ) ~ 1 ( )k x hR x     (2.2) 

Considering the last relation and inserting indications 2 1 1

0 01 2c hR E   and 2 1 1

1 01 2 ,c hR   , the 

equation (1.7) to have the following appearance: 
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1 0 1

2 2

0

( ) ( )

2 ( ) 2 ( ) 2 1 ( ) ( ) ( )

2 1 ( ) ( ) ( ) 0

w w w w w
c c c x c x

t x x t x t x

w w w
c x c x x x x c

x t x t

x x x c w

  

     

   

    
    

      

  
             

     

  (2.3) 

Let’s put into the expression for the pressure p and in the equations (1.4) and (2.3) the following: 

0 1 ...,w w w    0 1 ...,p p p    0 1 ...u u u    

Let’s consider that the order of unknown functions does not increase ar their differentiation along 

each of the variables. Then, having equalized coefficients at equal powers  , we get a zero and first 

approximation for the unknown functions: 
2 3 2

2 20 0 0
1 02 2 2

w w w
c c

t x t x

  
 

   
    (2.4) 

 


2 22 3 2 3

2 2 2 2 20 01 1 1
1 0 1 0 12 2 2 2 2

2 2 20 0
0 1 0 0

( ) ( ) 2 ( )

2 ( ) 2 ( ) 2 ( )

w ww w w w
c c c x c x c x

t x t x x t x x t

w w
c x c x c x w

x t

  

  

    
      

        

  
     

  

  (2.5) 
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2 2 0
0 0 0

w
p h R Ew

t
  

  
 

         (2.6) 

 

2 2 2 2 01
1 0 1 0 02 ( )

ww
p h R Ew h R x Ew

t t
       

      
    

     (2.7) 

 

2 2 0 0
0 0

w u
h R Ew

x t t
     

   
   

        (2.8) 

 

2 2 01 1
0 1 02 ( )

ww u
h R Ew x Ew

x t t t
          

              
    (2.9) 

It is not hard to show that the solution of the zeroth approximation, considering its limitation at 

x  , has the appearance: 

 0 0 expw i t x               (2.10) 

 0 0 expp i t x                (2.11) 

 0 0 expu i t x                (2.12) 

where 0  - constant of integration> 

 2 2

0 ,h R E i      2 2 1 1

0h R i Ei        

The value   to be defined from the disperse equation reducing to as follows: 

 2 2 2 2

0 1c i c    ,          (2.13) 

and when writing (2.10) - (2.12) it was assumed that Re 0  . 

It is easy to determine that the solution of the disperse equation has the following quality: 

1 Re ,im    
2 Re im    . Therefore due to limitation of the unknown solution we use a 

second root. 

3. The first approximation. Considering (2.10) into equation (2.) we have the following: 
2 2 2

2 21 1 1
1 0 02 2 2

( ) exp( )
w w w

c c f x i t
t x t x

 
  

   
   

      (3.1) 

where for short writing we have the following indication: 

 2 2 2 2 2 2 2 2

1 0 1 0 1 0( ) ( ) ( ) 2 ( ) 2 ( ) 2 ( ) 2 ( ) i xf x c i x c x c x c i x c i x c x e                   (3.2) 

It is obvious, that f(x) - limited function. Let put 1( , ) ( ) exp( ),w x t y x i t  into equation (3.1) and re-

write it to get: 
2 2

0 ( )y y f x               (3.3) 

The common solution of heterogeneous equation (3.3) due to its limitation along infinity has the 

following appearance: 

 
2 2

0 0
2

0

( ) ( ) ( )
2 2

x

i x i i x i i x

x

y x e e f d e e f d C e
i i

       
   

 

 
     .    (3.4) 

So, the function y(x) is defined with the precision up to constants 0  and C2.  In order to determine 

them, let’s use the condition (2.1). Then 1

0 0 ,p    0(0) 2 (0)y    and finally we have: 



 

Scientific and Technical Journal on “Engineering Mechanics”, Iss. 13, Vol. 6, No. 2, September 2023 

 

 

9 

 

 

1

0

0 0

1 1 1

0 0 0

( ( ))exp( ),

( ) 2 ( ) exp( ),

( ( ) ( ) 2 ( ) 2 ( ) ( ) exp( ),

i x

i x i x

i x i x i x

w p e y x i t

p p e y x p x e i t

u p e i y x p x e i p x e i t



 

  

  

   

        



  

 

    

      

 

where  
1 2 2

10
0

0 0

( ) ( ) ( ) 2 (0) ( ) .
2 2

i x i i x i i i x

x

p
y x e e f d e e f d p e f d e

i i

       
       

 

    
  

   
      

   
    

It should be mentioned that acquisition of further approximations does not represent difficulties of 

principle, as in this case this would bring to the solution of heterogeneous equations of (3.3), but 

with a bigger expression for the function f(x). Herewith a physical value is represented through real 

part of the constructed solution. 
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Abstract: The presented article discusses the causes of failures and decreased performance in the 

hydraulic systems of technological machines. İt is acknowledged that the reliability of machines is 

connected with friction and wear of contact surfaces. On the other hand, the cause of defects is 

contamination of the working fluid substances with mechanical particles. In order to detect changes 

in oil quality and possible contamination in a timely manner, it is necessary to carry out systematic 

oil monitoring. 

Key words:  hydraulic system, working liquid, failure, wear, analysis, express analyzer 

Increasing the level of mechanization and automation of road construction works, performed 

mainly with the use of complex machines, requires not only quantitative and qualitative growth of 

the fleet of machines, but also ensuring the reliability of their functioning. Recently, there are quite 

range of manufactured technological machine. The main types of manufactured equipment include 

various excavators, scrapers, bulldozers, rollers, motor graders and others. 

In the construction of technological machines, hydraulic drive and various hydraulic systems 

is of great importance. Hydraulic systems and hydraulic drives are widely used as executive bodies 

of control systems and automation of processes, following drives of steering systems, drives of 

working bodies.  Modern trends in the production and operation of technological machines and 

equipment in mechanical engineering is the improvement of its qualitative and quantitative 

indicators. Increasing one of the main quality indicators of machine durability is equivalent not only 

to increasing productivity, but also to the release of significant resources, economy of raw 

materials, other materials and energy. The problem of the durability of machines is directly 

connected  to the issues of friction and wear of the mating surfaces of the parts odies of machines. 

Analysis of failures of hydraulic systems of technological machines allowed to identify the 

causes of loss of performance of individual units. For example, in axial-piston pumps and hydraulic 

engines, failure occurs as a result of wear of the spherical surface and curvature of connecting rods, 

wear of end surfaces, piston holes and seats in the block, wear of shaft necks, wear of pistons. İn 

gear pumps as a result of wear of the inner surface and seats of the body and covers, wear of 

bushings; in vane pumps because of wear of the end surfaces of stators and discs, wear of blades, 

pins, ends and grooves in rotors. The most worn places in hydraulic cylinders include the inner and 

end surface of the cylinder body, the ends and landing surfaces of the covers. The landing surface of 

the guide bushings, the outer surface of the plungers and pistons, the threaded connections and 

seals. It can be seen that the problem of the durability of machines is directly related to the issues of 

friction and wear of the mating surfaces of the parts. The experience of operating hydraulic systems 

shows that about 30% of all failures are due to malfunctions of precision pairs that perform the 

functions of regulators, distributors, and displacement elements. Practically, on the details of each 
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precision pair of hydraulic aggregator, which have normally worked out the warranty resource, 

when examining the technical condition, various damages to the working surfaces are revealed, 

which manifest themselves most often in the form of scratches. 

In addition to the specified types of damage,  in the drives of technological machines and  a 

significant proportion of the machines are failures caused by contamination of the working fluid 

with mechanical particles during the production and installation of the drive, as well as during 

refueling. During the operation of the drive, the wear products of the mating parts continuously 

flow into the liquid. During collecting, polluting substances are released during oxidizing processes 

between liquids and additives used to improve the operational properties of the working fluid. 

When the working fluid is contaminated, the wear of the distribution devices of the pumps is 

intensively observed, which the volumetric efficiency decreases is consequently. When the liquid 

moves at a high speed, the contamination in the form of solid particles acts on the surface of the 

parts like an abrasive emulsion. With the passage of time, the gaps increase, the overlaps decrease, 

and the flow rates of the throttles and nozzles change. When fluid leaks increase due to wear of 

drive elements, system rigidity and speed of movement of executive bodies decrease. As a result, 

the oil ages, and its operational properties deteriorate.  

A methodology for increasing the efficiency and performance of technological machines 

during their technical operation in production has been developed. For the systems of technical 

service and repair of machines are analyzed. Systems of scheduled notification, firm  and technical 

maintenance are used to carry out process  on technical maintenance. Repair of technological 

machines and preventive measures are applied in case of accidents and failures. It can be noted that 

the most promising direction of carrying out technical maintenance and repair, increasing the 

efficiency of the machine, controlling the operational properties of working liquids is conducting a 

preventive analysis. It should be noted that in developed countries today oil analysis is the main 

method for diagnosing the technical condition of machine equipment. In addition, the diagnosis of 

the oil working in the mechanism is characterized by the following advantages: it is not necessary to 

stop the operation of the machine; no need for disassembly; the possibility of changing the oil 

according to its actual performance, and not according to mileage; low labor intensity of diagnostics 

and analysis. 

 Oil that has lost its protective properties before time can increase the rate of wear of 

hydraulic drive elements several times and lead to its eventual breakdown. In order to detect 

changes in the quality of oil and possible contamination in time, it is necessary to carry out a 

systematic control of the oil. Checking the liquid sample can be carried out by the following 

methods:  

1. Weighing control (GOST 6370-83 and ISO 4405);  

2. optical-microscopic control (ISO 4407);  

3. with the help of an express analyzer or an automatic particle counter;  

4. Chemical control composition of the mixture. 

 Currently, express analysis is considered the most promising method at enterprises engaged 

in the operation of technological machines and equipment. To check the contamination of the 

working fluid, an express-analyzer is used with a special stand. To determine the composition of 

particles of polluting substances, waste oil, taken as a sample, is poured into each glass of the 

express-analyzer and rotated at the same speed. The mass concentration of particles of polluting 

substances, collected under the action of centrifugal force, and the volume of sediment are 

determined. Concentrated liquids of the same mass may contain particles of different quantities and 

sizes. After determining the specific weight of the pollutant, the amount of particles is determined. 

The composition of particles is checked with the help of a microscope. The responsible person 

notify the possible problems, and he examines the change in the condition of each working element 

of the machine during a certain time and sends the machine to production or repair. Hence, it is 

clear that the analysis of the working fluid with an express analyzer is more promising, since it 

reveals possible malfunctions in the devices of the hydraulic system. It can be noted that the most 

promising direction in carrying out technical maintenance and repair, increasing the efficiency of 
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working with the machine, controlling the operational properties of working fluids is conducting a 

preventive analysis. 

 Conclusion: Improving the technical operation system is an important question for 

maintaining the efficiency of technological machines during operation. According to the results of 

the conducted studies, the most promising direction of performing technical service and repair 

work, increasing the efficiency of the machine and maintaining operational properties under control 

is conducting a preventive analysis. 
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Abstract. This work explores solution of a one-dimensional problem about propagation of 

harmonic waves in an orthotropic elastic tube containing heterogeneous incompressible liquid, 

rheological behaviour of which is described by Maxwell model. 

Numerically depicted an influence of concentration of inclusions onto wave characteristics for the 

case of propagations of long stationary waves in heterogeneous liquid flowing in an elastic tube of 

variable circular section, the properties of which comply with linear visco-elastic model of Foigt. 

The solution of this problem is defined by singular boundary problem of Sturm–Liouville. 

It is assumed that the tube is rigidly fixed to surrounding and, thus, its longitudinal displacement is 

equal to null. Cases of finite and semi-infinite tubes are considered. 

Keywords: Wave propagation, elastic tube, heterogeneous liquid, harmonic waves, viscoelasticity, 

haemodynamics. 

1. Introduction 

One of the specific features of heterogeneous bodies is their elastic characteristics that are 

continuous functions of coordinates and that, as a matter of rule, have a required number of 

derivatives. 

The flow of liquid in deformed tubes in many cases can be defined through equations of hydraulic 

approximation. The majority of works in this direction are based on the assumption of homogeneity 

of tube material. In many practically important cases we have to deal with propagation of stationary 

waves in elastic tubes that contain heterogeneous liquids and in which velocity of propagation is a 

wave local parameter and it is considered as a function of coordinates.  

By study of flow of colloidal solutions, suspensions, high-molecular compounds we use rheological 

models representing different combinations of elastic and viscous elements. Their behaviour at least 

qualitatively corresponds to the behaviour of abovementioned mediums.  

Theoretical developments, obtained at solutions of problems of interaction of a cylindrical shell 

with a viscous liquid flowing in it in force of definite physical approximations may be carried over 

to the case of disperse liquid. This generalization is made through introduction of an effective 

coefficient of dynamic viscosity. 

From the qualitative analysis it follows that at known boundary conditions (functional systems) 

rheological properties of a liquid have an apparent impact on its velocity and hydraulic impedance, 

and viscosity of tube material on displacement, velocity and impedance. 

It should be noted that due to linearity of the problem the real parts of solutions, obtained from the 

arbitrary kernels of heredity, to have their physical meaning. 

2. Mathematical formulation 

Before all, let’s define the system that describes propagation of waves of small amplitude in a 

suspension flowing in a deformed shell. First let’s give a mathematical model of a liquid. It can be 

https://e.mail.ru/compose/?mailto=mailto%3aengineeringmechanics@azmiu.edu.az
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Scientific and Technical Journal on “Engineering Mechanics”, Iss. 13, Vol. 6, No. 2, September 2023 

 

 

14 

 

considered [1] that multiphase systems represent mixtures of hard particles, liquefied droplets and 

bubbles (discrete phases) that are widespread in a liquid (carrying and continuous phase).    

Research of dynamics of multiphase systems grasps wide fields of science and technology and is 

connected with a lot of fundamental problems. Here, we can mention, e.g. such important cases as 

pumping-over of cryogenic liquids, radioactive precipitation, deposition, haemodynamics etc. for 

our purposes we will interpret disperse medium as incompressible Newtonian liquid with the 

density of water , in which there are non-interacting particles of identical size. It is assumed that 

the velocities of continuous and discrete phases are the same. Then, an effective dynamic viscosity 

 of diluted suspension of hard spherical particles having neutral buoyancy (i.e. non-depositing and 

non-emerging) in a liquid carry-over with a viscosity of can be calculated through the formula of 

Einstein [2]. 

       (2.1) 

where  - volumetric concentration of particles in parts of units. This result was generalized by 

Taylor [2] on suspension of droplets which keep their spherical form, e.g. due to surface tension. A 

consecutive correlation is as follows: 

         (2.2) 

in which  - viscosity of liquid that makes droplets. When  becomes infinitely large, i.e. when the 

droplets appear to become, actually, hard particles, this correlation is reduced to (2.1). 

Effective viscosity of suspension of hard asymmetric particles increases as with growth of particles 

concentration as well as with power of their asymmetry. This dependence is defined by the 

expression: 

 

where K (factor of geometry) more than 5/2. In case of hard mixtures of non-spherical particles 

having the form of ellipsoids of rotation in relation to half-axles 6:1, K to take the value equal to 5 

and viscosity of mixture to increase as follows [2]: 

       (2.3) 

The assumptions made give opportunity to consider the known contact conditions of conjugation of 

linear hydroelasticity. If now to take into consideration the condition of impermeability and assume 

that the tube is rigidly fixed to surroundings, as a result of which the wall material cannot make any 

movement along its axis x, then based on abovementioned assumptions mean equations of 

impermeability and those of Navier–Stokes for the mixture as a whole can be written in the 

following form [3]: 

 

                (2.4) 

 

                           (2.5) 

 

In (2.4)-(2.5) w(x,t) - is a radial displacement of a tube of radius R and thickness h, u(x,t) - is a mean 

velocity of mixture flow, p(x,t) - hydrodynamic pressure. As for the dynamic coefficient of 

viscosity of mixture , then it, depending on concentration , must be defined in actual examples 

through formula (2.1) -(2.3) 

The system (2.4) and (2.5) can be reduced to a single equation of the following form: 
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Substituting here  for and putting this into the last dependence, we have: 

 

                             (2.6) 

 

Next, for completion of equation (2.6), let’s write down the equation of condition for the tube 

material, considering that it is elastic, orthotropic and thin-walled. For these conditions it is 

sufficient to use the following correlation [4]: 

 

                          (2.7) 

 

Here,  - is a density of tube material, and - are coefficients of Poisson, E2 - modulus of 

elasticity in a circular direction. It should be mentioned that the condition of Maxwell to hold 

herewith:  

 
where E1 - is an axial Young’s modulus.  

Let’s take in the equation (2.7) the second derivative along x and consider the result in (2.6). Then, 

moving to next indications 

 

 and  

we get the following equation 

                  (2.8) 

 

which describes dynamic behaviour of the system ―shell-liquid‖. 

3. Numerical method and parameters 

For description of complex impulses, typical for wave processes, we consider the method of 

Fourier; hence solution of equation (2.8) to be represented in from of final sum of the main 

oscillation and higher harmonics. [5] This statement enables to represent the function w in the 

following form: 

 

                               (3.1) 

 

Here,  - unknown complex functions of coordinates of dimension,  

          - known angular frequency, i - imaginary unit, and S - harmonic value.  

In force of linearity of the system let’s follow the passage of each harmonics s and then for 

definition of the form of disturbance let’s sum each component related to the given point. 

Substituting (3.1) into (2.8), for sth harmonics we have: 

 

                         (3.2) 

 

where the prime means differentiation along coordinate x, and value is defined from the solution 

of the following disperse equation: 

                             (3.3) 

Dividing equation (3.3) into real and imaginary parts and introducing the following indications 

,    
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we get 

 

                                        (3.4) 

 

Solving disperse equation (3.4), and choosing the root Im , for through the known formula of 

calculation of square root from a complex value, we find: 

 

                                      (3.5) 

 

In (3.5) it is assumed that 

, , and  

 

With this the velocity of propagation of sth wave is defined as , and  - damping coefficient.  

4. Derivations and numerical analysis 

It should be mentioned first that the common solution to the equation (3.2) is written in the form: 

                               (4.1) 

where As and Bs - constants of integration determined from the boundary conditions to be defined 

further. Now for function w and p we may write: 

 

                                 (4.2) 

And 

 

         (4.3) 

 

Both of these results can be derived from formulas (2.7) and (3.1), in case we consider in them the 

dependence (4.1). 

Now it is remained to define the velocity of liquid flow. For this we state: 

                  (4.4) 

With this in mind and using the equation (2.5), after elementary conversions it is possible to find: 

 

   (4.5) 

 

where the value 

, 

that is defined as  

 
is a hydraulic impedance of sth harmonic. The value of characterizes hydraulic resistance, and 

- induction. Hence it follows that hydraulic resistance linearly depends on , and induction - on 

harmonic s. 

Now, let’s describe propagation of pressure, velocity of flow and displacement for a straight tube of 

length l. For this let’s formulate the following boundary conditions. Let’s pressure changes with the 

law 

                   (4.6) 
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at x=0 and for simplicity it equals to zero at x=l. In (4.6) - are known empirical constants. In 

force of written boundary conditions, let’s write an obtained system of algebraic equations 

necessary for definitions of As and Bs. It has the following form: 

 

 

 
Hence it follows that  

, and  

 

Using these equations in (4.2), (4.3) and (4.5), we find: 

 

                                   (4.7) 

                                 (4.8) 

                                 (4.9) 

Consecutive correlations for the limited case of semi-infinite tube can be obtained through 

calculation of limit of the expressions (4.7)-(4.9) at l approaching infinity. It may be shown that at 

Im  (that was mentioned earlier) and: 

 

 
then from the abovementioned formulas it follows that the related solution can be written as 

follows: 

   (4.10) 

 

                               (4.11) 

 

                               (4.12) 

 

It should be noted that in force of the system linearity, the physical meaning has the true parts of the 

built solution.  

Let’s move forward to calculation of the amplitude of pressure |ps| for the sth harmonic. We have: 

 
hence, taking into account (3.5) and considering Euler’s formula we may write: 

 
From the previous equation it is easy to get for pressure amplitude that: 

                  (4.13) 

Following the equation (4.10) for the amplitude of displacement we may write: 

                  (4.14) 

Doing the same we can calculate the amplitude of flow velocity, that for the sth harmonic has the 

following appearance: 

              (4.15) 

 

Here the coefficients and to be written down as follows: 

, ,  

4. Results and Conclusions 
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For estimation of the result, received form considering an ―amendment‖ to the dynamic viscosity 

coefficient, we are interested to see the influence of heterogeneity. In order to get a numerical 

result, we assume that the tube is orthotropic. The numerical experiment with the following system 

parameters is proposed:  

 

 

 
. 

Table 1 shows the values of wave velocity depending on concentration , at s=1 and s=3, when an 

effective viscosity is calculated through the formula (2.1). 

Table 1 

 0 0.1 0.2 0.3 
s 

1  
(cm/sec) 

882 855 824 793 

3  
(cm/sec) 

895 889 905 901 

 

Table 2 for the similar case shows the values for the damping coefficient depending on . 

 

Table 2 

 0 0.1 0.2 0.3 
s 

1  
(1/sec) 

0.0017 0.0025 0.0038 0.0039 

3  
(1/sec) 

0.0018 0.0026 0.0035 0.0043 

 

Table 3 for the same case shows the dependence of velocity amplitude of mixture flow for various 

volumetric concentrations. 

Table 3 

 0 0.1 0.2 0.3 
s 

1  
(cm/sec) 

1.43 1.34 1.25 1.17 

3  
(cm/sec) 

0.26 0.25 0.25 0.24 

 

Based on received numerical calculations we can make the following conclusions: 

- The wave velocity and the amplitude of flow velocity decrease with the increase of . 

- The biggest increase against concentration  is observed for the coefficient  (almost two 

times more) 

- With the increase of harmonics the wave velocity increases. 
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Abstract-Conical structures are widely used in various engineering fields. As the engineering 

devices to which such constructions are applied are special-purpose devices, they can carry 

different: homogeneous elastic, homogeneous viscoelastic and non-homogeneous environments. On 

the other hand, in transport devices made of conical covers (containers, ballast tanks), a heavy 

mass load is used, which is attached to the body of the cover with a plateau inside, to prevent the 

vibrations and oscillations that occur during movement from reaching the resonance frequency. 

The presented article is devoted to the study of joint oscillations of a conical cover reinforced with 

mesh ribs in an inhomogeneous elastic medium with a mass connected to it by a spring. 

Keywords: Conic shell, oscillations, viscoelastic medium, energetic method, Winkler model, 

Ferrari method. 
I. Statement of the issue 

     Let's assume that a conical cover oscillating together with a mass connected by a spring in a 

homogeneous elastic medium and in a homogeneous non-homogeneous elastic medium is 

reinforced with ribs forming a network (Fig. 1.).  

 

 
Figure 1. A mass-reinforced, inhomogeneous viscoelastic, conical cover in contact with the 

medium, reinforced with web-forming ribs. 

II. Problem solving 

We look for the displacements of the points of the cover in the figure (1) [1] 

https://e.mail.ru/compose/?mailto=mailto%3aengineeringmechanics@azmiu.edu.az
mailto:hossein.shafiei.m@gmail.com
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Here n- the wave numbers in the circular direction, along the m-generator, ,  ,  

are unknown constants. 

  In the case of the Winkler model, for the potential and kinetic energy of a conical cover in contact 

with a non-homogeneous elastic medium reinforced with ribs forming a network, together with the 

mass connected to it by a spring, we get [1, 2, 3]:                                       

0 0

2 2
0 0

1 2

( ) (1 ) (1 )

(1 ) (1 )
sin

r

x x
q k r w k w k w

l l

r r r r
k w k w

l r r

 

 


     

 
   



                        (2) 

 
In the case of Winkler's model, let's write the sum of the potential and kinetic energies, that is, the 

expression of the total energy, for the nth aggregate of the rows included in the row (1): 

Lş𝑣 = 𝜇11𝐷𝑛
2 𝑡 + 𝜇 22𝐴𝑛

2  𝑡 +𝜇33𝐵𝑛
2 𝑡 +𝜇44𝐴𝑛 𝑡 𝐷𝑛 𝑡 + 𝜇55𝐴𝑛 𝑡 𝐵𝑛 𝑡 + 

 
2

0z w cos c    21

2
Mz& ' 2 ' 2 ' 2

66 77 88n n nA D B     .                                       (3)  
 

Here, and 22̂ , , , , , , limits are given in the author's published articles [4, 

5, 6] separately for the cases of reinforcement with longitudinal and transverse ribs. In the reviewed 

article, their sum is used. Since those statements are rather complex and voluminous, they are 

referred only to the author. 

                                                         
L L

0,
şv şv

i i

d

dt q q

  
  

  
                                                      (5) 

 
 

(5) Substituting in the Lagrange equation, we get a system consisting of the following ordinary 

differential equation in the case of the Winkler model for inhomogeneous media reinforced by ribs 

forming a network: 

𝑀𝑧 + 2𝑐 𝑧 − 𝛼0𝐴𝑛 𝑡  = 0 

−2𝛼0𝑐𝑧 + 2𝜇66𝐴𝑛
′′(𝑡) + (2𝜇 22 + 2𝛼0

2𝑐)𝐴𝑛(𝑡) + 𝜇44𝐷𝑛 𝑡 + 𝜇55𝐵𝑛 𝑡 = 0 

2𝜇77𝐷𝑛
′′(𝑡) + 2𝜇11𝐷𝑛(𝑡) + 𝜇44𝐴𝑛 𝑡 = 0              (6) 

2𝜇88𝐵𝑛
′′(𝑡) + 2𝜇33𝐵𝑛(𝑡) + 𝜇55𝐴𝑛 𝑡 = 0 

Burada,  𝛼0 =
𝑟0

2

𝑟1
2 𝑠𝑖𝑛

𝑚𝜋 𝑟0−𝑟2 

𝑟1−𝑟2
𝑐𝑜𝑠𝛾, 𝑛 = 1,3,5, …  

 
In order to find specific oscillation frequencies in the case of the Winkler model of a conical cover 

reinforced with web-forming ribs, in contact with a non-homogeneous elastic medium, together 

with a mass connected to it by a spring, the solution of the system (6) is  həllini    

, ,    sinωt and write instead 

in the system, we get a system of algebraic equations considering the constants   , , ,  

taking into account the constants, we get a system of algebraic equations: 
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2𝑐

𝑀
− 𝜔2 𝑧∗ −

2𝑐𝛼0

𝑀
𝐴𝑛
∗ =0 

−2𝛼0𝑐𝑧
∗ +  2𝜇 22−2𝜇66𝜔

2 + 2𝛼0
2𝑐 𝐴𝑛

∗ + 𝜇44𝐷𝑛
∗ + 𝜇55𝐵𝑛

∗ = 0 

 2𝜇11−2𝜇77𝜔
2 𝐷𝑛

∗ + 𝜇44𝐴𝑛
∗ = 0                            (7) 

 2𝜇33−2𝜇88𝜔
2 𝐵𝑛

∗ + 𝜇55𝐴𝑛
∗ = 0 

 
Since the system (7) is a system of homogeneous linear algebraic equations, a necessary and 

sufficient condition for the existence of its non-trivial solution is that its principal determinant is 

equal to zero. As a result, in the case of the Winkler model of a conical cover in contact with an 

inhomogeneous elastic medium reinforced by meshing ribs with a mass attached to it by a spring, 

we obtain the following frequency equation to find the specific oscillation frequencies: 

 
2𝑐

𝑀
− 𝜔2  𝜇44

2  2𝜇33−2𝜇88𝜔
2 +𝜇55

2  2𝜇11−2𝜇77𝜔
2 - 2𝜇 22−2𝜇66𝜔

2 + 2𝛼0
2𝑐 ×  

×  2𝜇11−2𝜇77𝜔
2  2𝜇33−2𝜇88𝜔

2  + 2𝛼0𝑐𝜑88𝜔
2 − 4𝛼0𝑐𝜑33=0     (8)     

 
Note that when c = 0 or M = 0, equation (8) expresses the oscillation equation of the reinforced 

cross-section conical cover in contact with the environment, let's write it as follows: 

𝜔6 − (8𝜇33𝜇66𝜇77 + 4𝜇 22𝜇77𝜇88 − 4𝜇11𝜇66𝜇88)  8𝜇66𝜇77𝜇88 
−1𝜔4 + 

+(−2𝜇88𝜇44
2 −2𝜇77𝜇55

2 + 4𝜇 22𝜇33𝜇77 − 4𝜇11𝜇33𝜇66 +  

+8𝜇11𝜇 22𝜇33 + 2𝛼0𝑐𝜇88) 8𝜇66𝜇77𝜇88 
−1𝜔2 +                                

+(2𝜇33𝜇44
2 + 2𝜇11𝜇55

2 − 8𝜇11𝜇 22𝜇33 − 4𝛼0𝑐𝜇33) 8𝜇66𝜇77𝜇88 
−1 = 0.            (9)            

(9) tənliyini 𝜔2 = 𝜆 −ya nəzərən kub tənlikdir:  

𝜆3 + 𝑓 1𝜆
2 + 𝑓 2𝜆 + 𝑓 3 = 0                                            (10) 

 
Here, 

 

𝑓 1 =  −(8𝜇33𝜇66𝜇77 + 4𝜇 22𝜇77𝜇88 − 4𝜇11𝜇66𝜇88) 8𝜇66𝜇77𝜇88 
−1 

𝑓 2 = (−2𝜇88𝜇44
2 −2𝜇77𝜇55

2 + 4𝜇 22𝜇33𝜇77 − 4𝜇11𝜇33𝜇66 +  8𝜇11𝜇 22𝜇33 + 

+2𝛼0𝑐𝜇88) 8𝜇66𝜇77𝜇88 
−1;. 

𝑓 3 = (2𝜇33𝜇44
2 + 2𝜇11𝜇55

2 − 8𝜇11𝜇 22𝜇33 − 4𝛼0𝑐𝜇33) 8𝜇66𝜇77𝜇88 
−1 

 
Using the Cardano formula, we can find the roots of the cubic equation (10): 

𝜆 = 𝑦 −
𝑓 1
3

 

𝑦 =  −
𝑞 

2
+  

𝑞 2

4
+

𝑝3

27

3

+  −
𝑞 

2
−  

𝑞 2

4
+

𝑝3

27

3

 

𝑝 =
−𝑓 1

2

3
+ 𝑓 2; 𝑞 =

2𝑓 1
3

27
−

𝑓 1𝑓 2

3
+ 𝑓 3. 

 
Equation (10) is an eight-order equation with respect to ω^2=λ: 
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8𝜇66𝜇77𝜇88𝜔
8 −  𝑇 1 +

16𝑐

𝑀
𝜇66𝜇77𝜇88 𝜔

6 +  𝑇 2 +
2𝑐

𝑀
𝑇 1 − 

−16𝑐2 ∝0
2 𝜇77𝜇88 𝜔

4 −  𝑇 3 +
2𝑐

𝑀
𝑇 2 + 16𝑐2 ∝0

2 𝜇11𝜇88+16𝑐2 ∝0
2 𝜇33𝜇77 𝜔

2 − 

−
2𝑐

𝑀
𝑇 3 − 16𝑐2 ∝0

2 𝜇33𝜇77=0 

𝑇 1 = 8𝜇 22𝜇77𝜇88 + 8𝜇11𝜇66𝜇88 + 8𝜇66𝜇77 + 8𝑐2 ∝0
2 𝜇88𝜇77 + 

𝑇 2 = −2𝜇44
2 𝜇88 − 2𝜇55𝜇77 + 8𝜇 22𝜇11𝜇88 + 8𝜇 22𝜇33𝜇77 + 8𝜇11𝜇33𝜇66 + 

+8𝑐2 ∝0
2 𝜇11𝜇88 + 8𝑐2 ∝0

2 𝜇33𝜇77 

𝑇 3 = 2𝜇33𝜇44
2 + 2𝜇11𝜇55 − 8𝜇 22𝜇11𝜇33 − 8𝑐2 ∝0

2 𝜇11𝜇33 
 

 

This equation is a quadratic algebraic equation with respect to : 

8𝜇66𝜇77𝜇88𝜆
4 −  𝑇 1 +

16𝑐

𝑀
𝜇66𝜇77𝜇88 𝜆

3 +  𝑇 2 +
2𝑐

𝑀
𝑇 1 − 

−16𝑐2 ∝0
2 𝜇77𝜇88 𝜆

2 −  𝑇 3 +
2𝑐

𝑀
𝑇 2 + 16𝑐2 ∝0

2 𝜇11𝜇88+16𝑐2 ∝0
2 𝜇33𝜇77 𝜆 − 

−
2𝑐

𝑀
𝑇 3 − 16𝑐2 ∝0

2 𝜇33𝜇77=0 
 

 

The last equation can be solved by the Ferrari method. Let's show it like this: 
4 3 2 0A B C D                                    (11) 

 
 

Here, 

𝐴 =  8𝜇66𝜇77𝜇88 
−1  𝑇 1 +

16𝑐

𝑀
8𝜇66𝜇77𝜇88 ; 𝐷 = −

2𝑐

𝑀
𝑇 3 − 16𝑐2 ∝0

2 𝜇33𝜇77 

𝐵 =  8𝜇66𝜇77𝜇88 
−1  𝑇 2 +

2𝑐

𝑀
𝑇 1 − 16𝑐2 ∝0

2 𝜇77𝜇88  

𝐶 =  8𝜇66𝜇77𝜇88 
−1  𝑇 3 +

2𝑐

𝑀
𝑇 2 + 16𝑐2 ∝0

2 𝜇11𝜇88+16𝑐2 ∝0
2 𝜇33𝜇77  

 
First of all 

𝑦3 − 𝐵 𝑦2 +  𝐴 𝐶 − 4𝐷  𝑦 − 𝐴 2𝐷 + 4𝐵 𝐷 − 𝐶 2 = 0  
 

any solution of the equation is found. 

 The roots of the received equation (11) were calculated using a numerical method. The following 

values are taken for the parameters:   , the rings are taken as angular 

6×10×1 (in mm),    , the height of the cover 320 mm is 

accepted. 
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Figure 2. Dependence of the specific oscillation  frequencies of the cover on the wave number 

                                                          in the circular direction 

                                                  

                                         
Figure 3. Dependence of specific oscillation frequencies of the coating on the mass of the loa 
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Figure 4. Dependence of specific oscillation frequencies of the coating on the inhomogeneity 

parameter of the environment. 

III. Results 

The results of the calculations are shown in figure 2 as the frequency parameter    from n, 

in figure 3 the ratio of the ratio of the minimum specific oscillation frequencies of the system to the 

minimum specific    ill  i n       n i       h          in        i h  i   in  h          

    n  n    n  h           h  l    i   i     n             l     n               i  n   i        h    

the dependence of the minimum specific oscillation frequencies of the system on the environment 

inhomogeneity parameter. As can be seen from Figure 2, as the number of n increases, the 

minimum specific oscillation frequencies of the system first decrease, and then increase to a 

minimum value. Figure 3 shows that the M/Mp ratio (Mp-cover i  i         i h  i    in          h  

 ini        i i     ill  i n       n i       h                    n   i              h     i  

          in         n   h    i  n        h     in  in          h   ini        i i     ill  i n 

frequencies of the system in         hi  i     l in       h        h    n in       in  h     i  

          l         n in       in  h  h   n        h     i         n       n       i             h  

value of the environment inhomogeneity parameter increases, the specific oscillation frequencies of 

the system decrease. The reason for this is the increase in the value of the non-homogeneity 

parameter of the environment, which leads to an increase in the hardness of the environment. 
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Abstract- In practice, depending on working conditions, cylindrical coatings of different 

hardness are obtained by adding different mixtures in technological processes. Due to such 

additives, depending on the composition of the material, a sharp inhomogeneity and anisotropy 

feature occurs in the materials of the constructions. Therefore, one of the most important issues 

in the report of the mentioned constructions is to evaluate the mechanical properties of the 

construction element as correctly as possible. On the other hand, such constructions are in 

contact with environments of different nature. The conducted studies show that taking into 

account the influence of the environment is important in solving dynamic issues. 

Key words:Inhomogeneity, Bubnov Galerkin's method, Kirchhoff-Liav hypothesis, frequency 

parameter, optimization. 

I. INTRODUCTION 

Let's give a brief summary of the work related to the topic discussed in the presented article. In 

the work of [1], an approximate-analytical solution method was established for solving free 

oscillations taking into account the resistance of plates with different configurations and plates 

made of continuous inhomogeneous orthotropic materials with a circular cross-section, and the 

resistance of the cylindrical coating to the external environment with complex properties. In the 

work of [2], the oscillating movements of non-homogeneous rectangular plates are studied taking 

into account the resistance of the external environment. In [3], the equations of motion of 

continuous non-homogeneous rectangular plates with constant thickness, whose modulus of 

elasticity and density depend on three-space coordinates, were derived for the orthotropic case. It 

is considered here that the Kirchhoff-Liav hypothesis can be accepted for an inhomogeneous 

orthotropic plate. In [7], the modulus of elasticity and density depend on the coordinates directed 

along the plane of the plate and are located on a viscoelastic base. Since the equation of motion 

is a special derivative linear equation with variable coefficients, separation into variables and 

Bubnov-Galerkin methods were used. A report was made on the specific values of the 

characteristic parameters, the results, tables, and the relationship curves between the parameters 

characterizing the properties of the material and the base were constructed. In [6], the problem of 

free oscillations of a rectangular plate with variable thickness was solved taking into account the 

resistance of the external environment, and a report was made on the variation of the 

characteristic functions with a linear law in the first approximation. The results of the report are 

presented in tables and links. In the work of [6], it is considered that the elasticity coefficients of 

the plate, the density change with a linear law along the length and thickness of the plate. The 

solution of the problem was solved with the help of separation into variables and 

orthogonalization methods of Bubnov Galerkin. In the works of [6, 7], it is dedicated to the 

solution of the problems of oscillation motions of a non-homogeneous orthotropic circular plate 

https://e.mail.ru/compose/?mailto=mailto%3aengineeringmechanics@azmiu.edu.az
mailto:nadermt@gmail.com
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and a cylindrical cover with a circular cross-section, taking into account the resistance of the 

external environment. The solution of the problem is brought to the solution of the system of 

linear equations. In the received system equation, it is possible to eliminate the stress function 

and, due to the distortion, the six-form variable coefficient is brought to the special derivative 

equation. By dividing the solution of the problem into its variables and using the Bubnov 

Galerkin method, the value of the frequency is determined, and the effect of the non-

homogeneity of the material and the base is investigated in special cases. 

II. STATEMENT OF THE ISSUE 

The system in [3,4,5] works of the considered problem was solved by the author 

of equation (1), which allows finding the oscillation frequency 
2 2 2

11 22 33 44 55 66 55 22 66 11 44 334 0                .                                  (1) 

found roots allow choosing the optimal variant of the studied construction. 

Equation (1) was obtained with the help of the following approach. 

 
2 2 2

11 0 22 0 33 0 44 0 0 55 0 0 66 0 0chJ u w u u w w                                                 (2) 

Denoting the total energy of the system[3,4,5 ]Functionality is not original
0 0 0, ,u w if we vary 

with respect to the constants and make the coefficients of independent variations equal to zero, 

we get the following system of homogeneous equations: 

                       

11 0 44 0 55 0

44 0 22 0 66 0

55 0 66 0 33 0

2 0

2 0

2 0

u w

u w

u w

   

   

   

  


  
   

                                                     (3) 

Since the system (3) is a system of homogeneous equations, a necessary and sufficient condition 

for the existence of its non-zero solution is that the main determinant is equal to zero. As a result, 

we get the following frequency equation: 

                        

11 44 55

44 22 66

55 66 33

2

2 0

2

  

  

  

                                                            (4) 

Let's write equation (4) as follows: 

                              
2 2 2

11 22 33 44 55 66 55 22 66 11 44 334 0                .                         (5) 

Since the unknown frequency parameter is included in the argument of the Bessel function, 

equation (5) is a transcendental equation. It was calculated by numerical method. Finding the 

roots of the equation is based on the sign change of the numbers obtained from the calculation at 

different values of the frequency parameter of the left side of the equation (5). By changing the 

sign of the left side of the equation, the interval where the root is located is determined, and then 

the root is calculated using Newton's method. 

The found roots of equation (5) allow choosing the optimal variant of the studied structure. That 

is, the goal is how to adjust the number of spindles and rings, the thickness of the cylindrical 

cover, so that the chosen structure is lighter in weight, has a lower cost from an economic point 

of view, and has a strength that meets the needs of practice. A relative efficiency factor or 

optimization parameter for this  is included. As such a parameter, the ratio of the square of the 

minimum specific oscillation frequency of a cylindrical cover reinforced with discretely 

distributed shafts and rings, in contact with a liquid, the material of which has different 

inhomogeneity properties in the direction of the coordinate axes, to the square of the specific 

oscillation frequency of a smooth cylindrical cover of the same weight as them is taken: 



 

Scientific and Technical Journal on “Engineering Mechanics”, Iss. 13, Vol. 6, No. 2, September 2023 

 

 

27 

 

                                            

2

1min

2

10min







                                                 

(6) 

The solution to the problem is the relative thickness of the coating
* h

h
R

 , the ratio of the 

distances between shafts to the thickness of the shaft 1

1

2
,

i

R
a

k h


 the ratio of the distances 

between the rings to the thickness of the ring
 

1
2

2 1 j

L
a

k h



,the ratio of the weight of the 

spindles to the weight of the rings 2 ,the ratio of the total weight of the ribs to the weight of the 

cover
'

1 at different values of its parameters is brought to find the maximum value of the 

parameter. The dimensions and material of the cover with the maximum value of this ratio are 

considered optimal. 

Found from equation (5) in Graph 1
1 optimization parameters based on frequencies The 

calculated values of different 2 for s
'

1 Originated from In the graph, solid lines correspond to 

the cases where the non-homogeneity of the material of the cylindrical cover reinforced with ribs 

is taken into account by a linear law, and the broken lines correspond to the cases where the 

material of the cylindrical cover reinforced with ribs is homogeneous. The dotted lines represent 

the exponential of the material inhomogeneity of the rib-reinforced cylindrical cover.indicates a 

suitable case where it is considered to be changed by law.Calculations show that the optimal 

version of the construction max 22,14 the price is right. As can be seen from graph 1 '

1  as it 

increases heThe value of the optimization parameter increases, reaches a maximum value, and 

then decreases again. Corresponding to the maximum of the optimization parameter '

1  of the 

price varies around the unit. This indicates that the weight of the ribs is approximately equal to 

the weight of the cylindrical cover 

strengthening the shell is more effective when As can be seen from the graph '

1 -at small prices 

of  parameter unitan thatChminimum priceabuy tir which is cylindricalshows that reinforcing 

the shell with extremely weak shafts is not efficient. Optimization parameter  of  
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ratio the ratio of the rods of weight
'

1 dependence on 
'

2 shows that the dependence on   the 

maximum value of the parameter 
'

2 1  and in the example we are looking at
'

2 1,17  is equal 

toCalculations show that the non-homogeneity property of the material of the cylindrical coating 

changes with an exponential law and is more favorable than the case with a linear law. In the event 

that the inhomogeneity property of the material of the cylindrical coating varies with the 

exponential law max 23,11 is equal to 

RESULTS 

 In the article, the problems of free oscillations of the reinforced cylindrical shell with different 

inhomogeneity properties in the direction of the coordinate axes and of the reinforced cylindrical 

shell with the "sharp" inhomogeneity property in the direction of the coordinate axes are solved 

together with the soil. Cases of inhomogeneity functions changing with linear and exponential 

laws were considered. 

As the inhomogeneity property in the direction of the cylindrical shell increases, the free 

oscillation frequencies of the reinforced cylindrical shell-fluid system increase. 

As the number of shafts increases, the difference between the free oscillation frequencies of the 

shaft-reinforced cylindrical shell with fluid, which varies exponentially in the direction of the 

inhomogeneity law axes, and the corresponding free oscillation frequencies of the cylindrical 

shell reinforced with shafts, which varies linearly in the direction of the inhomogeneity law axes, 

decreases. 

The case of the inhomogeneity property of the material of the cylindrical coating changing with 

an exponential law is more favorable than the case changing with a linear law. Optimization 

parameter in the case of exponentially changing material inhomogeneity of the cylindrical 

coating max 23,11 to , and in the case of changing with a linear law  max 22,0 is equal to 

At a positive value of the inhomogeneity parameters, the specific oscillation frequencies of the 

system increase compared to the specific oscillation frequencies corresponding to the 

homogeneity, and at a negative value, they decrease. 

Consideration of soil viscosityof free oscillation frequencies of the systemthe force acting on the 

cylindrical cover by the environment decreases compared to the elastic case. 
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Abstract- Strips (rods) are widely used in products and structures for various purposes. Very often 

they are subject to thermal stress. For practice, it is important to study the origin of cracks in a 

strip (rod) during uneven heating. Based on the methods of elasticity theory, a mathematical 

description of the calculation model for the occurrence of a crack in a strip (beam) is carried out 

when the strip is bent in its plane by a given system of external loads (constant bending moments, 

uniformly distributed pressure, etc.). The process of destruction of real materials is complex and 

occurs differently for different materials. This depends on the structure of the material, its chemical 

composition, type of voltage, and others. 

Keywords: Origin of cracks, uneven heating, isotropic strip, thermal load, stress-strain state 

Formulation of the problem. 

Let us consider a homogeneous isotropic strip (rod). Let us denote by 2c and 2h the width and 

thickness of the strip, respectively. The choice of Cartesian coordinate system and notation are 

explained in Fig. 1. The Cartesian coordinates xy in the midplane of the strip are the plane of 

symmetry. Let the strip (rod) be subjected to uneven heating across the width of the cross section. 

We will assume that the temperature of the strip is only a function of the x coordinate and does not 

depend on other coordinates. 

As the strip (rod) is loaded with a thermal load, pre-fracture zones will appear, which we model as 

areas of weakened interparticle bonds of the material. We will study the initiation of a crack in a 

strip (rod) under the influence of uneven heating on the basis of a model of a pre-fracture zone with 

connections between the edges [8,11]. Let us consider the case when the pre-fracture zone is 

directed perpendicular to the side edges of the strip (Fig. 1). It is believed that the edges of the strip 

parallel to the hou plane are free from external stresses. The interaction of the banks of the pre-

fracture zone is modeled by introducing bonds between the banks of the pre-fracture zone that have 

a given deformation diagram. The physical nature of such bonds and the size of the pre-fracture 

region depend on the type of material. In the general case, it represents a nonlinear law of 

deformation [3, 10]. 

In the case under study, the occurrence of a crack is the process of transition of the pre-fracture 

region into the region of broken bonds of the material between the surfaces of the strip medium. In 

this case, the size of the pre-fracture area is unknown in advance and must be determined in the 

process of solving the problem. The pre-fracture zone is oriented in the direction of the maximum 

tensile stresses that arise in the rod under the action of uneven heating. 
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Let the x-axis of the 0xy coordinate system be aligned with the line of the pre-fracture zone ( 

bxa  ). The shores of the pre-fracture zone interact in such a way that this interaction 

(connections between the shores) inhibits the initiation of a crack. For a mathematical description of 

the interaction between the shores of the pre-fracture zone, we assume that between the shores there 

are connections (adhesive forces between particles of the rod material), the law of deformation of 

which is specified [1, 2]. 

The problem under consideration is to determine the stress-strain state of the rod, as well as to 

determine the maximum intensity of unequal heating (thermal load), upon reaching which a crack 

will appear. 

Under the action of temperature stresses in the strip, forces will arise in the bonds connecting the 

banks of the pre-fracture zone. The magnitude of these stresses and the size of the pre-fracture zone 

are unknown in advance and must be determined in the process of solving the problem. 

The boundary condition of the problem in the pre-fracture zone will be 

)x(qy  ;  0xy , at y = 0, bxa   

  We define the stress-strain state in the vicinity of the pre-fracture zone approximately in the sense 

[6] that we will satisfy the boundary conditions of the problem on the contour of the pre-fracture 

zone (conditions (1)), and require that at a considerable distance from the pre-fracture zone the 

stress state in the rod coincides with thermally stressed state caused by uneven heating for a 

continuous strip. The main relations of the problem posed must be supplemented with an equation 

connecting the opening of the banks of the pre-fracture strip and the forces in the connections. This 

equation, without loss of generality, in the problem under consideration can be represented in the 

form [8, 11] 

      )x(qq,xC,x,x   00 
 

where      is the opening of the banks of the pre-fracture zone, x is the affix of the points of 

the banks of the pre-fracture zone; the function  q,xC  can be considered as the effective 

compliance of the bonds, depending on the tension of the bonds. 

The solution of the problem. 

Let us imagine the desired stress state in the following form 
10

yyy   ; 10

xxx   ; 
10

xyxyxy      (3) 

Here (
0

y , 
0

xy ) are the components of the stress tensor in the rod in the absence of a pre-fracture 

zone and caused by uneven heating; 1

x , 
1

y , 
1

xy - respectively, normal and tangential stresses 

caused by the presence of a pre-fracture zone in the rod. 

For temperature stresses 0

x , 
0

y , 
0

xy we have 

00 x ; 00 xy ;    




c

c

c

c

y xdx)x(ET
c

x
dx)x(ET

c
)x(ET 

3

0

2

3

2

1
   (4) 

Here   is the coefficient of linear thermal expansion of the rod material; E is the elastic modulus of 

the material, T(x) is the temperature function. 

To determine the introduced stresses 1

x , 
1

y , 
1

xy  satisfying the equations of the plane theory of 

elasticity, we come to the boundary value problem 
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)x(q)x(fi xyy  11    at  y = 0, bxa                       (5) 

Here 






c

c

c

c

xdx)x(ET
c

x
dx)x(ET

c
)x(ET)x(f 

32

3

2

1
               (6) 

As is known [9], the components of the stress tensor in the conditions of a plane problem in the 

theory of elasticity are expressed through two analytical functions )(z  and )(z . Based on the 

boundary conditions and Kolosov-Muskhelishvili relations [5, 6] to determine complex potentials, 

)(z  and )(z
 we obtain the following boundary value problem:  

        )x(fxx'xxx 0  ,  at  y = 0,  bxa  ,   (7) 

Where,   )x(q)x(f)x(f 0  
Let us introduce a new complex function 

     zz'zz         (8) 

To determine the analytical functions and based on the boundary conditions )(z  and )(z  we 

obtain the following boundary value problem 

      0 ( ),x x x f x     at у = 0, bxa  .   (9) 

Since the stresses in the strip (rod) are limited, the solution to the boundary value problem (9) 

should be sought in the class of everywhere bounded functions. Due to the conditions of symmetry 

with respect to the x axis 0 ( )f x  the function is real, therefore, based on (9), on the entire real axis 

there will be 

Im ( ) 0z   
Consequently, taking into account the conditions at a considerable distance from the pre-fracture 

zone, we find 

( ) 0z  .      (10) 

So, based on (10) for the function ( )z   we obtain the Dirichlet problem 

at  

   у = 0,  bxa    0

1
Re ( ) ( )

2
z f x   , z ,   0z  .                                           (11) 

Boundary value problem (11) corresponds to the following problem of linear conjugation of 

boundary conditions [10] 

0( ) ( ) ( )x x f x                  on bxa             (12) 

It is required to find a solution (12) that satisfies the condition 

( ) ( )z z   

The corresponding homogeneous problem has the form 

0  )x()x(    on bxa      (13) 

For a particular solution of the homogeneous problem (13), we take the function 

)bz)(az()z(X 
 

meaning the branch for which equality holds 

)x(X)x(X     on bxa        (14) 

Based on relation (14), we rewrite the problem of linear conjugation of boundary values (13) as 

follows: 

( ) ( )
0

( ) ( )

x x

X x X x

 

 

 
     on bxa      (15) 

From the boundary condition (15) it follows that the solution to a homogeneous problem that 

disappears at infinity is equal to zero. 
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We represent the inhomogeneous linear conjugation problem (12) in the following form 

0 ( )( ) ( )

( ) ( ) ( )

f xx x

X x X x X x

 

  

 
   on  bxa      (16) 

Let's denote 

*

( )
( )

( )

z
z

X z


  ; 0

*

( )
( )

( )

f x
F x

X x
 , 

then the boundary condition (16) will take the form 

* * *( ) ( ) ( )x x F x       on bxa   

The desired solution to the problem will be written as follows 

 

    
0

( )( ) ( )
( )

2

b

a

z a z b f x
z dx

i x a x b x z

 
 

  
    (17) 

The size of the pre-fracture zone (parameters a and b) can be determined from the solvability 

conditions of the boundary value problem 

0 ( )
0

( )( )

b

a

f x dx

x a x b


 
 ; 0 ( )

0
( )( )

b

a

xf x dx

x a x b


 
                   (18) 

System of equations (18) allows us to determine the unknown parameters a and b (the size of the 

pre-fracture zone). 

We obtain the conditions for the solvability of problem (18) in the following form 

  0
1

0 


M

k

kf  ;   0
1

0 


M

k

kk f       (19) 

We will assume that the rupture of bonds in the pre-fracture zone at the point x = x0 occurs when 

the condition is met 

    c,x,x    00 00 .      (20) 

Where, are the characteristics of the material for resistance to cracking. 

To с  
determine the critical thermal state causing the appearance of a crack in the strip (rod) based 

on condition (20), we obtain the following equation 

c

b

a
)t(

dt)x,t(F)t(f

E





104
  on bxa  .    (21) 

It is obvious that the rupture between partial bonds of the material will occur in the middle part of 

the pre-fracture zone. 

Let us transform equation (21) to a form convenient for numerical solution. Passing to 

dimensionless variables in the integrals and replacing the integrals with Gaussian quadrature 

formulas for Chebyshev nodes, we reduce equation (21) to the following form 

cm

M

m

m )x,t(F)t(f
EM




1

1

0

4
,     (22) 

In Fig. 2. graphs of the dependence of the dimensionless length of the pre-fracture zone on the 

temperature parameter ( - characteristic temperature of the strip) are presented. In the calculations it 

was assumed that v = 0.3; M = 30. 



 

Scientific and Technical Journal on “Engineering Mechanics”, Iss. 13, Vol. 6, No. 2, September 2023 

 

 

33 

 

 
An effective method has been created for solving a class of problems in fracture mechanics about 

the occurrence and development of cracks in a strip under the influence of force and thermal loads. 

Based on the developed computational model; 

a) the formation of cracks in strips under the influence of force and thermal loads was studied; b) a 

method is proposed for calculating the forces arising between the edges of zones of weakened 

interparticle bonds of the material in the strip; c) a method has been developed for calculating the 

opening of the banks of pre-collapse zones and cohesive cracks in a strip under the influence of 

force and thermal loads. 
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Abstract. The article is devoted to the issues of improving the quality of the top layers of various 

construction steels. This article uses ball rolling, a recently widely used surface plastic deformation 

method. It is known that longitudinal transmission is one of the parameters affecting the results of 

the ball rolling process (SH). Studies have shown that changing the value of transmission within a 

certain limit has a serious effect on the quality of the steel surface. Thus, the ball rolling process, 

carried out in optimal modes, reduced the roughness of the surface of the construction steels of the 

investigated point by several times and increased its hardness by an average of 25-45%. The 

decrease in surface roughness and increase in hardness leads to an increase in the operational 

properties of steel.  

Keywords: structural steel, ball rolling, roughness, hardness. 

Introduction. The quality of the surface of machine parts and elements of structures depends on its 

geometric parameters and physico-mechanical properties. The quality of the surface has a 

significant impact on the working properties of the part - fatigue strength, corrosion resistance, 

contact fatigue resistance, corrosion resistance [1]. The optimum surface should have sufficient 

hardness, small structure, roughness with circular depressions and ridges, micro-smoothness with 

large bearing area and residual compressive stresses. 

Commonly applied methods such as final processing methods (e.g. polishing, honing, handing, etc.) 

provide the part with the required shape and dimensions that ensure sufficient accuracy, but do not 

fully ensure the optimum quality of the surface. 

In this respect, the surface-plastic deformation method is widely used to improve the surface quality 

of the part. Simpler and more effective methods of surface plastic deformation are ball rolling and 

diamond smoothing. As a result of machining the surface of the part with the specified methods, the 

roughness of the surface is reduced several times and the physical and mechanical properties 

(hardness, stress state, microstructure) are improved. It is therefore recommended to successfully 

use ball rolling or diamond smoothing methods instead of labor-intensive polishing and handing 

operations.  

Plastic deformation is the main factor affecting the structural state of the upper layers of steel during 

ball rolling and diamond smoothing. Plastic deformation occurs as a result of the displacement of 

individual parts of the crystal along shear planes. In this case, the structure of the upper layers of 

steel is reduced and flexes in the direction of the acting force. Under the influence of plastic 

deformation, the phase composition of the upper layers of the metal changes. The amount of 

austenite remaining in the tempered steel after polishing can reach 30-40%. The presence of 

residual austenite in steel is undesirable because it has a negative effect on fatigue strength and 

corrosion resistance [5]. 
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Surface plastic deformation methods greatly reduce the amount of residual austenite formed during 

the previous process [6]. 

The article investigates the effect of ball rolling, a surface-plastic deformation method, on the 

quality parameters of the surface of various structural steels.  

Discussions. Comparative test experiments were conducted to study the effect of ball rolling on the 

surface roughness and hardness of 09ГС, 17Г2, 10XCHD, 14Г2АФ and 14X2ГМФ steels. The 

experiments were carried out using specimens of the specified steels with a diameter of 20 mm and 

a length of 120 mm. After polishing, the samples were subjected to thermal treatment. Then, one 

batch of specimens was prepared at a time with a ball with a diameter of 5 mm, a force of 800 N and 

a velocity of Vн=45 m/min. Longitudinal transmission is one of the parameters that significantly 

affects ball machining results. Therefore, studies have been carried out to reveal the effect of rolling 

on the surface quality of the examined structural steels.  

The effect of yielding on the surface roughness of specimens made of 09ГС, 17Г2, 10XCHD, 

14Г2АФ and 14X2ГМФ steels is shown in Figure 1.  

 
Figure 1. Dependence on the roughness of the surface 1-09 ГС; 2-

17Г2: 3-10XCHD; 4-14Г2АФ: 5-14Х2ГМФ 

 
 

As can be seen from Figure 1, as the value of the transmission increases, the value of the roughness 

parameter Ra decreases and the minimum value of the roughness is achieved at values of 

approximately Sн=0.08-0.16 mm/rev. Further increase in transmission leads to deterioration of the 

surface roughness. 

The effect of transmission on the hardness of the structural steels examined is shown in Figure 2. 
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Figure 2. Dependence of surface hardness on transmission 

1-09 ГС; 2-17Г2: 3-10XCHD; 4-14Г2АФ: 5-14Х2ГМФ 

 

As can be seen from the graphs, the maximum hardness of all steels is achieved at SH=0.12-0.16 

mm/rev. The subsequent transmission increase leads to a reduction in the surface hardness of the 

steels. 

Conclusion. The test experiments show that the optimal value of the ball rolling process should be 

adopted as Sн=0.08-0.16 mm/rev to improve the surface quality of the examined construction steels. 

At transmission value below 0.08 mm/rev, the surface roughness and hardness change very little due 

to the excessive knocking of the steel surface. 

At transmission values above 0.16 mm/rev, there is an increase in roughness and a decrease in 

hardness, i.e. deterioration in the quality of the steel surface. Therefore, in order to improve the 

quality of the upper layers of the studied steels 09ГС, 17Г2, 10ХСНД, 14Г2АФ and 14Х2ГМФ, 

the value of the ball rolling process should be taken as 0.12-0.16 mm/rev. 
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Abstract. When porous bodies come into contact with liquids, liquids penetrate into them, as a 

result of which they turn into a two-phase medium. When we talk about liquids, we mean both 

liquids and gases. True liquids will be treated as liquids with a small compression, and gases as 

liquids with a large compression. The rest of the body, except for the pores, we will call the 

skeleton. The pores in the bodies communicate with each other through capillary tubes. Under the 

influence of external forces, the skeleton of a porous body is deformed, and over time the volume of 

pores changes, which leads to a change in the specific mass of the liquid in its body. Below we will 

prove that the physical properties of a porous material depend on the specific mass of the liquid in 

its pores. 

Keywords: porous bodies, capillary tubes, skeleton, Jung module. 

I. INTRODUCTİON 

Thus, the change in the volume of pores over time leads to the formation of deformations, which 

are a function of time. When such deformations are reversible (at small stresses), they are called 

core-elastic deformations. Now let's take formulas for The brought physical properties of two-

phase media. Let's accept the following markup. 

Volume of a porous body -V; 

Volume of the skeleton -Vs; 

Volume of fluid in the pores -Vm; 

Mass of the skeleton - ms; 

The mass of a body whose pores are filled with liquid -m; 

Mass of liquid in pores - mm; 

Density of the skeleton - ρs; 

Density of a body whose pores are filled with liquid – ρ; 

Density of fluid in pores - . 

II. SOLUTION OF THE ISSUE 

Among these nine quantities are the following dependencies. 

         mm = m-ms ;                                                    (1) 

          ;                                                  (2) 

         ;                                        (3) 

(1) from                                                  ;                                                     (4) 
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mm+ms= m; 

from here 

                                                                    (5) 

Now let's get an expression for The brought Jung module of a body whose pores are 

filled with liquid. As the law of law in uniaxial traction is known 

                ,                                                              (6) 

in shape. Where e is the Yung modulus, σ is the tensile stress, ε is the relative elongation. (6) from  

 

                          .                                (8) 

Thus, the Yung module of the skeleton is different in M/m_s times from the Yung module  of the 

body, which has filled the pores with liquid. 

 

When compressing the rod, the compressive deformations of the fluid column in its skeleton and 

pores are equal to each other, i.e.   

                                                                                  (9) 

Here, the cross to Ts and Tm-is –section according the compressive forces acting on the skeletal 

and pore sections, Ss, Es and Sm, Em, the cross-section area of the skeleton and fluid according to 

Em, and the Jung module. On the other hand, the compressions of both the skeleton and the liquid 

column and the common element are equal to each other, that is 

 

  

 

Here is the EG- Eg brought yung module. From the last equality 

                                                                             (10) 

For the Poisson coefficient- vg, flow rate - σg, brought by the analogous rule, the following 

expressions can be obtained. 

                             ;                                               (11) 

                            ;                                          (12)                    

(10) - (12) bərabərliklərində s indeksli kəmiyyətlər skeletə, m indeksli kəmiyyətlər isə mayeyə 

aiddirlər (10) bərabərliyində m=ms+mm olduğunu nəzərə alsaq Eg üçün alarıq.                     

                                      .                                              (13) 

Since the time of deformation changes little by little the volume of the skeleton and the volume of 

the pores changes a lot, in (13) we look at mm  as a variable quantity and take the derivative from Eg 

by mm 
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                               ,                                                  (14) 

it is possible. As can be seen from (14), Em>Es . is positive when Em>Es, and . is negative when 

Em<Es. This means that regardless of the mass of liquids in the pores, if the Yung modulus of the 

liquid is greater than the Yung modulus of the skeleton, the Yung modulus brought increases when 

the mass of the liquid increases, but if the Yung modulus of the liquid is less than that of the 

skeleton, it decreases if we build a graph 1.) 

If the fluid in the pores of the object is incompressible, it becomes vm=0.5. In this case (11) from 

                                    .                                                  (15) 

It is known that for any material 0 ≤ v ≤ 0.5. Always  ≥ 0 when the pores are filled with 

incompressible fluid, as can be seen from (15). And this means that the Poisson coefficient of a 

body filled with liquid, the pores of which are not compressed, always increases as the fluid in the 

pores increases. graph of dependence of vg on mm figure 2.it happens like in. 

  
                                                    

  Eg                                                                                                                  Em>Es                                                                                                                                                                                                                              

 

                                                                                      Em=Es        

  Es    

                                                                                      Em<Es   

     

0                                                                                             mm 

Fiqure 1. From the mass of liquid in the pores of The brought Jung module 

addiction timeline 

                                      vg=0,5        

vg                                                                               

 

vs                                                                                 vc=const. 

 

 

 

0                                                                                              mm 

Figure 2. Graph of the dependence of The brought Poisson coefficient on the mass of the liquid in 

the pores. 

Results 

1. Expressions have been obtained for mechanical characteristics of bodies whose pores are filled 

with liquid. 
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2. It has been theoretically proven that when the Yung modulus of the fluid in the pores is larger 

than that of the skeleton, The introduced yung modulus increases as the mass of the fluid increases, 

and vice versa when the Yung modulus of the fluid is smaller than that of the skeleton, it decreases 

as the mass of the fluid increases. 

3. When the pores are filled with incompressible liquid, the Poisson coefficient always increases as 

the mass of the liquid increases, that is, a state of decrease is impossible. 
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Abstract-Functional-gradient coverings find applications in a variety of engineering structures 

such as aircraft, spacecraft, rockets, automobiles, computers, underwater and surface vessels, 

bridges, and building roofs. The continuous advancement in material science and engineering, 

coupled with the increasing demand for flexible constructions, has led to the utilization of modern 

materials, including layered composites and functional gradient materials (FGMs), in the design of 

shell structures. Among various applications, aerospace and aeronavigation applications are 

particularly challenging due to their intricate interactions of shell structures and the use of novel 

materials with less well-known properties. 

Keywords: Functional-gradient material, layered composites, visco-elastic environment, Navier-

Stokes equation, Hamilton-Ostrogradsky effect.                          

I. INTRODUCTION 

     The problems related to the vibrations and durability of coverings made from functional-gradient 

materials have been addressed in various studies [1-6]. Some works [7-9] focused on the non-linear 

behavior of a rectangular plate made from functional-gradient material, while others [10, 11] 

investigated the linear vibrations of a functional-gradient covering. The non-linear vibrations of a 

functional-gradient cylindrical covering in contact with moving fluid under various reinforcement 

conditions were studied in [12, 13, 14]. The variational principle of Hamilton-Ostrogradsky was 

employed to determine the equations of motion, and the motion equations of the solved differential 

equations system were solved by conventional methods. The motion equation of the visco-elastic 

material was formulated using the vector equation of the Navier-Stokes equation. 

This paper is dedicated to the non-linear vibrations of a functionally-graded cylindrical covering 

with various forms of reinforcement in contact with moving fluid. 

II. PROBLEM FORMULATION. 

The effective physical and mechanical characteristics of materials made from functional-

gradient materials depend on the material's P-properties and volume V. The efficiency coefficient of 

two coverings made from functional-gradient materials is calculated by the formula: 

1 1 2 2effP PV PV                                        (1) 

Here, E represents the elastic modulus, ν represents the Poisson's ratio, and ρ represents the density. 

    Consider a cylindrical shell composed of a mixture of ceramic and metal in contact with the fluid 

(Figure 1). 

https://e.mail.ru/compose/?mailto=mailto%3aengineeringmechanics@azmiu.edu.az
mailto:davoud_h_k@yahoo.com


 

Scientific and Technical Journal on “Engineering Mechanics”, Iss. 13, Vol. 6, No. 2, September 2023 

 

 

42 

 

                             
Figure 1. Functional-gradient cylindrical shell with rings reinforced, undergoing fluid motion in the 

channel.  

As calculated in the work [10], the volume fractions are determined by the laws: [8, 9, 10]                                                   

1 2 1

2
,   V 1

2

k
z h

V V
h

 
   
 

                 (2) 

Here, h represents the thickness of the coating, and k is the power exponent of the ceramic 

material's volume fraction, with 0≤k≤∞. If k=0, the structure of the coating consists only of 

ceramics, and if k=∞, it will be entirely composed of metal. The mechanical properties of the 

composite, consisting of two components, including Young's modulus, Poisson's ratio, density, and 

, are calculated by the following rules: 

                                                 
1

( )
2

k

eff c m m

z
P P P P

h

 
    

 
              (3)                             

Using the principle of (3), it is possible to calculate the elastic modulus E, Poisson's ratio ν, and 

density ρ of the composite. Here, cP  and mP  are the characteristics of the ceramic and metal, 

respectively. The motion equations of the composite cylindrical shell in contact with the 

environment are determined based on the Hamilton-Ostrogradsky variational principle [11,12,14]. 

                                                   0W                                        (4)                                                                      

Here, 
''

'

t

t

W Ldt  represents the Hamiltonian action, where L K  is the Lagrangian 

function, and 
't and 

''t  are arbitrary instants in time. 

 

The potential and kinetic energies of the functional-gradient cylindrical shell are expressed as 

follows: 

11 11 22 22 12 12 11 11 22 22 12 12

1
( ) 

2
U N N N M M M d     



         

 , ,

1
( ) ( )  

2
x x x y y yQ w Q w d 



                               (5) 

               
2 2 2 2 2

0 , , , 1 , , , , 2 , ,

1
( ) 2 ( ) ( ) dxdy

2
t t t t x t t y t x t y tT I u v w I u v I   



                     (6)                                           

Here,  0 ,
1

c m
mI h

k

 


 
  

 
  22

1

2

( )
( )

2( 1)( 2)

h

c m
h

k
I z zdz h

k k

 





 

  ,   

                                        2 32
2

2

1 1 1
( ) [ ( )( )]

12 3 2 4( 4)

h

m
h c mI z z dz h

k k k


  


     

      

The work done by the pressure force exerted by the fluid on the functional-gradient shell due to its 

displacement on the fluid side is calculated as follows:   0A pwdxdy


   
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The terms involved in the expressions for the potential and kinetic energies of the functional-

gradient cylindrical shell, as given in equation (5), are: 

,    (i,j=1,2),L ND

ij ij ij    11 , 22 , 12 , ,/ ,  / ,L L L

x x y y y xu w R v w R u v         

2 2

11 , 22 , 12 , ,

1 1
 ,  ,  

2 2
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x y x yw w w w      , 
13 , 23 ,,   ,x x y yw w        

2 2

11 , 22 , 12 , ,

1 1
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The cutting forces  xQ  and 
yQ  are determined from the expressions 

2 2

33 13 33 23,   ,   x S y SQ K A Q K A   where 2

SK  is referred to as the regulator coefficient. In the 

calculation process,  2

SK  is assumed to be 
5

6
. 0A  represents the pressure force exerted by the 

fluid on the shell, and the work done by this force on the displacement of the shell w is negative. 

The pressure force p is determined from the motion equation of the ideal fluid moving with 

velocity U :    

         

2 2 2
2

2 2 2 2

0

1
2 0U U

a t R t R

  


 
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                  (6) 

At the contact of the overlaying fluid, equality of velocity and pressure in the radial direction is 

satisfied: 
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,   z r R
q p


         (7) 

 eeking the potential     of excitations as follows: 

                                 1, , , ( )cos sin sinr t f r n kx t    
                                            

(8) 

Here, ,n k  are the wave numbers in the coordinate axes direction,   is the unknown frequency, 

and ( )f r  is an unknown function. Using expressions (7), (8), and (9), we obtain: 
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.    (9) 

As a result, for the fully reinforced cylindrical shell in contact with a moving fluid, we 

consider the total energy of the functional-gradient shell: 

                      
1 2

1 1

0 ( ) ( )
i j

k k

i i j jL U T A K K
 

          .                (10)                         

It is considered that at 0x  and x L cuts, the following conditions are satisfied: 

                                       1 10,  w=0, T 0,  0u M                             (11)  

Thus, the solution to the problem of non-linear vibrations of the functional-gradient cylindrical shell 

in dynamic contact with the fluid involves the integration of the total energy of the construction 

(13), which consists of the functional-gradient cylindrical shell filled with the fluid in the internal 

region. 

SOLUTİON OF THE PROBLEM.  
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The expression for the determined pressure p, based on equation (5), is given as follows: 

                                     
( )

0 ( ) i kx n t

np p J r e                                     (12)                                      

If we substitute this expression into the Navier-Stokes equation (6) and apply the method of 

variation of constants using the expressions ( )

*( ) i kx n tr e      , we obtain the following for  to 

determine the functions  and  :  
2

0

1 1
;    

p

a t t


 

 

 
    

 
. 

 

                                  ( )

0 12

0

( ) ( ) i kx n t

n

i
p f r J kr e

a

 
 



  
  
 

.                                          (13) 

Searching for the displacements of the covering as follows: 

                            
( ) ( ) ( )

0 0 0; ; .i kx n t i kx n t i kx n tu u e e w w e                  (14)

 Here, 0 0 0, ,u w are unknown constants, while , n   are the wave numbers in the radial and 

azimuthal directions of the cylindrical shell, respectively. 

 

In the context of the Hamilton-Ostrogradski determination condition, we obtain a system of second-

order partial differential equations for the unknown constants 
0 0 0, ,u w . Considering the variations 

with respect to 
0 0 0, ,u w , and setting the coefficients of non-dependent variations to zero, we 

derive a system of coupled equations. By setting the determinant of this system to zero, we obtain 

the eigenfrequencies for the cylindrical shell in dynamic contact with a self-elastic medium. 

                                               det 0,    i,j=1,2,3ija                         (15) 

Equation (15) has been computed using the variational method. 

III. CONCLUSIONS 
The following values were taken for the parameters in the calculation: 

 
0 / 0,115   ; / 70 / 380;m cE E   0.3;m c   2707;m c   0 1350 m/sec,   a  =0.355  

In Figure 1, the dependence of the axial velocity parameter on the volume fraction exponent k  of 

the ceramic material is presented. As the volume fraction exponent of the ceramic k  material 

increases, the system's axial vibration frequencies decrease, as shown in Figure 1. 

/x c ch E    

The graph shows the cases where the density of the fluid is considered in curve 1 and where it is not 

considered in curve 2. As seen, considering the density of the fluid leads to a decrease in the 

system's specific vibration frequencies. 

 
Figure 2. Dependence of the system's vibration frequencies on the volume fraction exponent. 
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Abstract- The paper studies the stress-strain state of underground fiber-reinforced concrete pipes. 

As the diameter of the pipes increases, the lateral effect of seismic load on the surface of the 

pipeline increases. The adopted pipeline model with different stiffness (longitudinal, transverse and 

vertical) simulates the connection of the pipeline with the surrounding soil. The equation for the 

dynamic behavior of the pipeline under seismic influence was solved using the Plaxis software. The 

compiled stiffness matrices and mass matrix were included in the solution of the general equation. 

The results of the numerical solution for determining tensile and compressive stresses are presented 

in tabular form. 

Keywords: fiber concrete, pipe, stress, strength, stiffness, tension 

1. INTRODUCTION 

One of the urgent tasks at the present stage is to increase the safety of underground pipeline 

communication objects. High vulnerability to intense natural impacts requires special approaches to 

design, construction and operation in seismic zones. 

Currently, the calculation for resistance to seismic impact for underground pipelines is carried out 

only on the basis of the longitudinal loads from the seismic waves, whereas the lateral loads are 

neglected. For large magnitude earthquakes this approach to strength calculations is not fully 

correct in view of the probable damage to the pipe from the additional hoop stress [8]. 

The evaluation and accounting of the lateral seismic loads contribution to the overall stress-strain 

state of underground pipelines is an important engineering problem, which has great practical 

significance for improving the safety of extended underground pipeline. 

 

2. TWO-DIMENSIONAL MODEL FOR CALCULATING AN UNDERGROUND PIPELINE 

FOR SEISMIC IMPACT 

During an earthquake, due to the action of a seismic force transverse to the longitudinal axis, the 

pipeline is displaced along the Y axis under the influence of the upper influence of the soil and the 

sediment of the liquefied soil settles along the Z axis. To study the bending of pipelines in a two-

dimensional model in the design scheme, the connection of the pipeline with the soil is replaced by 

a system of springs. The differential equation of the underground pipe model can be written [4, 

p.121] 

                                                                                                     (1) 

where  - common mass of the "pipeline+ground" systems;  - mass of pipe;   -

added ground mass ( ) ;  ,  - respectively displacement, velocity and acceleration; 

K - elastic coefficient during pipe displacement ;  - received seismic wave acceleration. In matrix 

form may to write as [4, p.121]  
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                                                                                                      (2) 

where stiffness and mass matrix of pipe [7]; 

 
Fig. 1. Design scheme of the soil massif around the pipeline 

 - respectively displacement, velocity and acceleration matrix;  - received seismic 

wave acceleration matrix. 

Normal and shear stress in the "pipe + soil" system are interconnected [4, 7]: 

                                                                                                                         (3) 

where un - normal lateral displacement; us - longitudinal sliding movement; Kns and Ksn -stiffness 

between normal and sliding displacements. Normal and slidding stiffness may to write as [8]: 

                                                                                                                                    (4) 

                                                                                                                                      (5)  

where E and μ -elastic modulus and Poisson ratio of composit fiber concrete matherial, whish 

defined from tests. Mass matrix defined as [4, p.121] 

                                                                                                                             (6)  

The elements of this matrix include the density of the material (fiber-reinforced concrete), the cross-

sectional area of the pipe, the lengths of the elements, the moment of inertia of the pipe section. For 

each nodal element, the mass matrix can be written as  

                                                                                 (7) 

The connection of the pipeline with the soil is modeled using lumped masses. At this time, the 

concentrated masses are expressed as the final nodal element mi and the moments of inertia as  , 

, , , , ,  , , . 

3. NUMERICAL MODELING OF THE STRESS STATE OF PIPE IN THE 2D SYSTEMS 

The underground pipeline and the soil massif surrounding it is accepted as a uniform object. The 

soil massif around the pipeline is modelled by means of PLAXIS 2D software according to the 

square and diagonal scheme on a rectangular site (fig. 1). The external circle marked in green in the 

figure shows the contact element (interface) of the interaction of the structure with the soil. 

Properties of this massif is characterized by two constants - the module of elasticity of soil and 

Poisson's ratio. The geometrical change of the system (pipeline and soil massif) is associated with a 

change in mesh points. The cross contour of a pipe is also divided into finite elements. Pipe material 

(fiber concrete) is characterized by the module of elasticity and Poisson's ratio. PLAXIS 2D is a 

powerful finite element software package intended for calculation of the stress-strain state condition 

of structures, foundations and bases. Calculation was made in the conditions of plane deformation. 

In the calculation 15 nodal elements were used. In the study of the effective stresses arising in the 
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pipe the weight of backfill over the pipe, loads from a roadbed and dynamic loads from transport 

were considered together with the seismic influence. Stresses were calculated separately for the case 

of a reinforced concrete and fiber concrete pipe with a steel and polypropylene fiber (fig. 2 a, b). 

The similar procedure was carried out to determine the displacement of the pipe from the 

combination of acting vertical loads together with seismic loads. In the calculation, 2 layers of 

continental soil with a total height of 50 m with a crushed stone base 10 cm thick under the base of 

the pipe were taken. Under the influence of seismic force and the top of the underlying soil, the 

pipeline has horizontal (ux) and vertical (uy) displacement. For a pipe with a diameter of 3 m when 

exposed to seismic force, the horizontal displacement is ux=35cm, uy=10cm. Seismic acceleration 

was accepted 0.3g. 

 
Fig. 2. Design scheme of the soil massif around the pipeline modelled by means of PLAXIS 2D 

                      a)                                                                                                            b) 

 

                
Fig. 3. Contour plots of the main effective stresses arising in the pipe section from a combination of 

seismic loads: a) reinforced concrete pipe; b) fiber concrete pipe with a metal fiber 

4. THREE-DIMENSIONAL MODEL FOR CALCULATING AN UNDERGROUND 

PIPELINE FOR SEISMIC IMPACT 

In the 3D system, the pipe model and ground connection is modeled as a system of springs in three 

directions with different stiffness's [5]. In matrix form, the stiffness matrix is written as the 

longitudinal stiffness matrix [4, p.121] 

 

                                                                                                           (8)
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Fig. 4. Design scheme of the soil massif around the pipeline modeled by means of PLAXIS 3D and 

lateral stiffness matrix and lateral stiffness matrix 

                                                                                          (9) 

For one element, the total stiffness matrix is written as  

                                                                                 (10)

5. NUMERICAL MODELING OF THE STRESS STATE OF PIPE IN THE 2D SYSTEMS 

Three-dimensional modeling of the "pipe-soil" system was carried out using the Plaxis 3D and SAP 

2000 programs. Both programs are based on the finite element method and are widely used in the 

calculation of structural and engineering-geological projects. The calculations were carried out 

under conditions of spatial deformation. First, a manhole and a pipe system attached to it were 

designed. Two layers of soil with a total height of up to 30 m were taken under the structure. The 

connecting sewer pipes were modeled using the SAP2000 program. 

 
Fig. 5. Pipeline modeling according to the program SAP2000 
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The calculation took into account the weight of the overlying soil, the weight of the road surface, 

static and dynamic loads from transport, as well as horizontal seismic effects on the pipeline. 4272 

quadrangular membrane elements and 4438 nodal points were used in the calculation. The stresses 

for a reinforced are shown in table 1. 

Table 1 

N Type of pipe 

Maximum 

tension stress 

σ
+
  , MPa 

Maximum 

compression 

stress 

σ
-
  , MPa 

1 Reinforced concrete 

pipe 

20 20 

2 Fiberconcrete pipe 

with steel fibers 

17 17 

3 Fiberconcrete pipe 

with polypropilene 

fibers 

14 14 

CONCLUSION 

1) Low stress values in fiber-reinforced concrete pipes compared to reinforced concrete pipes are 

the result of late cracking. 

2) With an increase in the diameter and accordingly the weight of the pipe, the horizontal and 

vertical displacement increases. In this regard, for large-diameter pipelines, structural measures are 

necessary under the base of the pipeline. 

3) Numerical modeling of the dynamic behavior of the pipeline under seismic impact revealed the 

sensitivity of the connection between the pipeline and the soil mass, which is included in the overall 

stiffness system of the pipeline. 

4) The results of the study on the effect of the transverse component of the seismic load on the 

stress-strain state of the fiber-reinforced concrete pipe were included in the Technical Conditions 

developed by Evrascon Co. 
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Abstract. This work explores solution of a one-dimensional problem about propagation of 

harmonic waves in an orthotropic elastic tube containing heterogeneous incompressible liquid, 

rheological behaviour of which is described by Maxwell model. 

Keywords: friction, rolling, relative motion, absolute motion, center of instantaneous velocities, 

angular velocity, axis of instantaneous velocities. 

Introduction: In the problem we are considering, object  is rolling without friction around a 

stationary object . So, when the object  rotates around the fixed axis, the translational 

motion is absolute around the  axis, and relative around the  axis (figure 1). 

It is known that the axes that change their position over time in the movement of rotation in 

space are called instantaneous rotation axes. The geometric meaning of the axes of rotation means 

that the velocity of the points taken on them at the moment of observation is zero. In this case, the 

object's angular velocity vector is viewed as a vector that shifts around the instantaneous rotation 

axis [1]. 

Problem statement: Assume that a spherical body rotates touching the inner  surface of a 

stationary spherical body . Let's determine the angular speed and angular momentum of body , 

and at the same time, the speed and momentum of point  located on body , at a given moment, 

without considering the force of sliding - friction. 

Let us assume that the angle between the generators of the  -cone is α, the angle between the 

generators of the -cone is , , the  axis of the body rotates with –  

constant angular velocity - around the fixed  axis. 
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Figure 1. Spherical objects 

Solution method: To determine the velocity of point  located on the object   it is 

necessary to first determine the angular velocity of the object . For this, we will determine the 

speed of point  on the  axis of body   based on the center of instantaneous velocities on the 

axes of instantaneous rotation. Circles with radius  are drawn around the point  - axis , 

and circles with radius  - around the axis . Velocity vectors  and  are parallel to each 

other and the  axis and are perpendicular to the radius   and  (Figure 2). 

Absolute velocity of point  with respect to the center of instantaneous velocities   

                                                                               (1)                                                  

The transfer speed of point   according to the center of instantaneous velocities  is as 

follows. 

 

Figure 2. İllustration of the velocity of point M 

                                                                                              (2) 

To find the piece , first find  from  

  

– from  

 
– from  

  

– from  

  

– from  

  

  

From (2), let's write the speed of point  with respect to the  axis as follows. 

                         (3)                          

From (1), the angular velocity of body  with respect to the  axis will be as follows. 

                                                   (4)    
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After finding the angular velocity of object  with respect to the  axis, we can also find 

the velocity of point  (figure 3). 

 

                                                                                           (5) 

The direction of the angular velocity   is determined based on the direction of the velocity 

 of point  . 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3. Illustration of instantaneous rotation axes 

 

 

 

 

 

 

 

 

 

 

 

Figure 4. Illustration of the momentum of point  

 - angular velocity can also be determined through the geometric sum of the angular powers 

established on the axes of instantaneous rotation intersecting at a point [3]. 

According to the theorem of sines, the angular velocities can be defined as follows. 

                                             (6) 

 
  From (6) we find .  

                                                                      (7) 

 is the angular velocity of the body   rotating around its axis . 

 is the angular velocity resulting from the rotation of body  around its axis . 
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Geometrically, the angular acceleration of the body  is directed from the center   parallel 

to the   axis, i.e. perpendicular to the   plane, parallel to the  - vector of the circle formed 

by the radius  from the end of the angular velocity   - and perpendicular to the radius 

(Fig. 4). It can be written knowing that . 

                              (8) 

Note that when finding the momentum of point  , Coriolis momentum does not arise. We 

know that Coriolis acceleration is vectorially , and modularly 

. 

In the problem we are studying, the body  rotates both around its own axis and about the 

stationary  axis. But since there is no forward movement (because the relative speed of the 

forward movement is  the coriolis momentum is equal to zero. 

The momentum of the point  - is equal to the geometric sum of the momentum  

perpendicular to the  axis and  perpendicular to the segment . That is, a_M, which is the 

diagonal of the parallelogram whose sides are   and  is immediately determined. Note 

that , ,  and   are located on the  plane. 

Let's write the following geometric curve 

                                                                 (9) 

here is the centrifugal force relative to the axis 

               (10) 

Rotational speed 

                                                                       (11)   

 happens. 

From , we can find  according to the theorem of cosines. 

    

From formula (8). 

                                         (12) 

happens. 

We can find the value of  from the parallelogram with sides   and   
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If we substitute , as a result we will find the momentum of point . 

           =                 (13) 

 

 CONCLUSIONS 

The absolute velocity and absolute acceleration of an arbitrary point taken on the object 

during the rotation movement of the solid body around two intersecting axes during non-slip rolling 

are determined. 
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Abstract. The feasibility of preparing fiber-reinforced concrete mixtures from polyethylene 

terephthalate-containing plastic waste has been studied. It has been established that fibers can be 

obtained from them and used in concrete. By using polyethylene terephthalate-containing plastic 

waste fibers, it is possible to obtain water-resistant, crack-resistant, abrasion-resistant concrete. 

Key words: heavy concrete, metal, polypropylene, waste based on polyethylene terephthalate, fiber-

reinforced concrete, compressive strength, impact resistance, crack resistance, friction, 

waterproofing 

Introduction. Considering that concrete and reinforced concrete products are one of the main 

building materials used in construction today, one can see the fundamental influence of the concrete 

mixture and the quality of products made on its basis on a number of indicators of buildings being 

built. and amenities. Currently, concrete mixtures for various purposes are used in construction. 

Recently, the use of reinforced concrete (fiber-reinforced concrete) with various fibers has been 

expanding in the construction of buildings and structures of special importance that have specific 

properties. That is why the field of application of fiber-reinforced concrete was initially investigated 

[1]. 

Based on the results of an analysis of the development and improvement of concrete and structures, 

it should be noted that fiber-reinforced concrete is one of the promising building materials of the 

21st century. The world's first patent for a fiber-reinforced concrete structure was received by 

Russian scientist V.P. Nekrasov. in 1909, and research on the development of fiber-reinforced 

concrete and methods for calculating structures made from them has been widely developed since 

the 60s of the 20th century. Since then, a significant number of international scientific and technical 

symposiums, conferences and seminars have been held on the results of scientific research and the 

practical application of fiber-reinforced concrete in construction abroad [2]. 

By adding 1.6% fiber reinforcement (steel fiber) to concrete, its compressive strength can be 

increased to 35%, and its flexural strength by 2.4 times, and the percentage of fiber reinforcement 

has been studied to have a great influence on the properties concrete mixture and concrete [3].  

The crack resistance index of fiber-reinforced concrete with and without additives was determined. 

Based on the test result, it was determined that the crack resistance index was higher for concrete 

samples using polypropylene and metal fibers than for conventional concrete. In fiber-reinforced 

concrete using microsilica, the strength properties have improved. The effectiveness of using such 

concretes in the construction of road surfaces has been established [4]. 

Scientific research has shown that industrial and household waste is a cheap source of raw materials 

for the building materials industry. Household waste from containers used by the population to store 

carbonated and non-carbonated drinks is thrown into trash cans. Such waste significantly worsens 

the environmental situation. If we take into account that the disposal of this waste is not allowed, it 

does not rot, and when burned, toxic substances are released into the air, then the possibility of 
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using such waste in other areas becomes an urgent issue. In this regard, the purpose of this research 

work was to study the possibility of using plastic containers for various carbonated and non-

carbonated drinks, widely used in households, in concrete production. Polyethylene terephthalate-

containing plastic containers used for storing carbonated and non-carbonated drinks were used. For 

the first time, polyethylene terephthalate was purchased as a synthetic fiber by British Calico 

Printers (England) in 1941. The copyright for the use of the new material was acquired by DuPont 

and ICI, which in turn sold licenses for the use of polyethylene terephthalate fiber to many other 

companies. A typical half-liter polyethylene terephthalate container weighs about 28 g, and a 

standard container of the same volume weighs about 350 g. Polyethylene terephthalate and 

containers made from it are non-toxic under normal conditions and do not have a harmful effect on 

the human body. Therefore, polyethylene terephthalate containers have found the widest field of 

application in food packaging today [5,6]. 

Purpose of the work: The main goal of the work was to study the use of plastic industrial waste as 

fiber-reinforced concrete and determine performance indicators. 

Materials and methodology used in the study. In the experiments, Holcim Expert 42.5 R cement 

produced in the Republic of Azerbaijan, sand from the Bahramtepe deposit and crushed stone from 

the Gudiyalchay quarry located in the Guba region, as well as fine sand were used as fine fillers. To 

regulate the properties of concrete, superplasticizer brand S520, hyperplasticizer brand HP777, 

polypropylene fibers brand SikaFiber PPM-12, metal 3D fibers with a diameter of 0.8 mm and 

fibers based on polyethylene terephthalate were used. 

The tests were carried out in the Laboratory of Research and Testing of Building Materials of the 

Department of Materials Science of the Azerbaijan University of Architecture and Construction, the 

Ministry of Emergency Situations, the State Agency for Safety Control in Construction, as well as 

at the testing ground of S.A. Dadashev Research and Design Institute of Building Materials. 

Compressive strength of concrete on the hydraulic press UTEST UTS-4320 according to the EN 

12390-2 standard, bending strength on the TsD-40 press according to the GOST 10180-90 standard, 

tensile strength on the GRM-2A press according to the GOST 10180-90 standard, for dynamic 

stability In a copy machine of the PMA-F brand, friction resistance is determined in the LKI-3M 

friction device according to GOST 13087-81, and water resistance is determined in UDF-6/04 No. 

195. device according to AZS 572.5-2011 standard. 

Execution and resolution of the case. Plastic household waste is crushed into lengths of 6 and 12 

cm. When preparing a concrete mixture, a mixture was prepared using different amounts of fibers 

(Table 1) and the ease of shrinkage was determined. Based on the prepared concrete mixture, 

standard samples were prepared and tested after hardening under normal conditions. The test results 

of prepared fiber-reinforced concrete samples were compared with the test results of heavy 

concrete. The test results are shown in Table 1. 

Table 1. 

Physico-mechanical properties of concrete samples reinforced with various fibers 

 

№ 

Concrete 

type 

The amount of 

fiber 

kg per 1m3  

 

Physical and mechanical properties 

average density, 

kq/m3 

compressive strength 

limit, MPa 

sample 
average 

limit 
sample 

average 

limit 

1 Heavy concrete 0 

2000 

2096 

31,40 

32,70 2100 32,50 

2190 34,20 

2 

Metal fiber 

reinforced 

concrete 

20 

2348 

2360 

41,69 

41,83 2365 41,85 

2368 41,97 

30 
2338 

2381 
42,00 

42,00 
2412 42,80 
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2354 42,21 

45 

2368 

2370 

41,90 

41,96 2370 41,98 

2373 43,00 

3 

Polypropylene 

fiber reinforced 

concrete 

2 

2362 

2379 

42,89 

42,90 2385 42,94 

2390 42,87 

6 

2384 

2391 

43,65 

43,53 2390 43,54 

2400 43,41 

8 

2369 

2390 

43,20 

43,46 2398 43,50 

2405 43,69 

4 

Fiber-reinforced 

concrete from 

waste based on 

polyethylene 

terephthalate 

2 

2348 

2250 

40,47 

40,65 2365 40,81 

2368 40,68 

6 

2365 

2310 

41,12 

41,48 2372 41,96 

2375 41,36 

8 

2343 

2295 

40,00 

40,25 2359 40,45 

2394 40,31 

10 

2362 

2215 

38,80 

38,90 2349 38,99 

2354 38,92 

 

As can be seen from the table, when adding 30 kg of metal fiber per 1 m3 of concrete mixture, the 

compressive strength was 42 MPa, when adding 6 kg of polypropylene fiber - 43.53 MPa, and when 

adding 6 kg of polyethylene terephthalate-based fiber, it was 41.48 MPa. The test results of fiber-

reinforced concrete samples were compared with the results of heavy concrete. The average density 

and compressive strength of metal fiber reinforced concrete are 13.59% and 28.44% respectively 

compared to heavy concrete, the average density and compressive strength of polypropylene fiber 

reinforced concrete are 14.07% respectively compared to heavy concrete. At the limit of 33.11%, 

polyethylene terephthalate waste fiber reinforced concrete increased by 10.21% and 26.85%, 

respectively, compared to heavy concrete. Comparison with the test results of concrete samples 

made from fiber-reinforced concrete, other metal and polypropylene fibers using fibers made from 

waste containing polyethylene terephthalate shows that it is possible to use fibers made from waste 

in the production of fiber-reinforced concrete. In order to determine the scope of application of 

fiber-reinforced concrete based on waste containing polyethylene terephthalate, experiments were 

carried out and performance indicators were determined. 

The wear indicators of fiber-reinforced concrete samples molded using fibers made from prepared 

polyethylene terephthalate-containing plastic waste were studied. According to laboratory 

experiments, after 4 eating cycles, the average weight loss of the samples was 13.65 g, and the 

average resistance to abrasion and eating was 0.27 g/cm2. Compared to conventional concrete, the 

increase in corrosion resistance was 12.05%. 

In the following experiments, the impact resistance of fiber-reinforced concrete samples made from 

waste plastic fibers containing polyethylene terephthalate was studied. It has been established that 

the first crack in such concrete samples appears on average after the 11th blow, and its destruction 

occurs after the 22nd blow. It is 5% stronger than ordinary concrete. The water resistance of the 

samples was investigated. Based on the results of the experiment, it was established that such 

concrete belongs to category W5. 
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CONCLUSION 
Test results indicate that fibers made from polyethylene terephthalate beverage bottles can be used 

in concrete production. It is possible to use fiber-reinforced concrete made with such fibers in the 

production of products in accordance with performance indicators. 
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Abstract. Study of oscillations of mechanical systems with complex rheological properties, as a 

rule, is reduced to complex mathematical problems. It is impossible to solve these problems 

analytically and therefore the only way to solve them is numerical. But it sometimes limits visibility 

of the obtained solutions and does not allow to use them widely in practice, because the needs for 

engineering require relatively simple, closed formulas. To this end, approximate accounting of 

multi-dimensionality with the construction of quasi-one-dimensional model, generally speaking for 

multi-dimensional problem is actual. One of these ways is the rod bending model where the 

transverse motion inertia is taken into account in the form of additional term. The paper uses this 

method and studies flexural oscillations of visco-damaged rod in the absence of the effect of healing 

defects. A hereditary damageability model is taken as a model of damaged model. 

Keywords:oscillations, damageability, inertia of transverse motion, amplitude-frequency 

characteristics. 

INTRODUCTION 

In engineering and industry, flexural oscillations are the most common along with 

longitudinal oscillations. In [3], flexural oscillations of a finite length hereditary elastic rod was 

studied when a weakly-singular Abel kernel was taken as a creep core. Resonance frequencies were 

calculated for the values of the parameter   of Abel’s core close to a unit. 

Damageability is one the factors necessarily taken into account when calculating structural 

elements for strength and durability. Under variable loads this factor may be very influential. In the 

paper hereditary theory of damageability [4] is used. In one-dimensional statement the physical 

relation of this theory is of the form:  

        .)()(
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(1.1) 

Here  tK  is a changeability operator core that may be written briefly as:  
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(1.2) 

  kk t  is a deficiency healing function dependent of the deficiency volume load accumulated 

during active loading  

kk tt ; . The value   0 

kk t  corresponds to complete healing of 

deficiencies, the value    1 

kk t  corresponds to the absence of such a phenomenon. 

 Allowing for denotation (1.2), from (1.1) we get:  
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(1.3) 

or  

  )(1
1

)( * tK
E
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(1.4)  

having denoted  

)1(
1

~
1 *K

EE


                                                
(1.5)  

to formula (1.3) we give the form 

.~
1


E
  

 In the sequel, we will assume the absence of deficiency healing phenomenon. Then the 

damageability operator (1.2) is of ordinary character of integral operator of hereditary theory of 

elasticity and all corresponding methods and laws of linear viscoelasticity may be applied to it.  

 In the paper we study a problem of flexural oscillations but with regard to rotation inertia of 

the element of a rod around the axis perpendicular to the rod flexion plane. For flexural waves, such 

an equation has the form [2]:  
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(1.6) 

 Here 1W  is rod’s flexure, 1x  is a longitudinal coordinate,   is the density, S  is square of 

cross-section, E  is Young’s modulus, SrJ 2

0  is inertia moment of rod’s section, 0r  is radius of 

cross section inertia, that for circular transverse section equals 2/0 Rr   and 1t  is time. 

PROBLEM STATEMENT 

For obtaining appropriate equation of motion for a hereditary-elastic rod, to equation (1.6) 

we apply the Volterra-Rabotnov principle and get:  
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where the operator E
~

 is determined according to (1.4). In this case we have:  
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and as a creeping core we accept the Abel weakly-singular core: 
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 where )1(   is Euler’s gamma-function . 

 We introduce the following pure variables:  
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 Then in pure variables we will have the following flexural oscillation equation:  
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 The boundary conditions in pure variables, corresponding to the problem under 

consideration, will be:  
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(2.5) 

 The first two conditions of (2.4) correspond to no bending moment on the left end and 

giving on it forcing transverse osciallations with frequency   and amplitude 0W . Boundary 

conditions (2.5) correspond to no forces on the right end of the rod, bending moment and 

intersecting force. 

 We will look for the solution of problem (2.3)-(2.5) in the form of a series: 
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 Substituting representation (2.6) in (2.3), for the function  kk xW ,  we get the following 

ordinary differential equation of fourth order with constant complex coefficients of the form:  
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 Finding the solution of equation (2.7) in the form 
xP

k
keW   reduces to the following 

characteristic equation:  

.02224  kkkk PP                                           (2.9) 

 Here we consider two cases. The first case, when  0k , then  
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 In the case 0k  we get: 
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 The roots of the characteristic equation (2.9) for 0k  will be:  
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 For 0k  the roots of equation (2.9) will be:  
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 Now we write the solution of differential equation (2.7) in the form: 
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where the constants 
)(n
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conditions. Proceeding from boundary conditions (2.4), (2.5) for the function ),( kk xW   we accept 
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 When taking into account the expressions obtained for kW  in (2.6), the boundary conditions 

(2.5) in the right end and the second one from boundary conditions (2.4) on the left end is fulfilled. 

It remains that the complete solution of (2.6) satisfy the remaining boundary condition (2.4). For 

that we are restricted in series (2.6) with two first terms having put   21 ; . From the same 

representation (2.6) we see that the remaining boundary condition (2.4) is fulfilled:  
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 Then the solution (2.6) of differential equation (2.3) with boundary conditions (2.4), (2.5) 

will be obtained in the form:  
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or in a compact form convenient for practical use:  
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 The expression obtained for the dependence of amplitude R  from frequency   has a very 

bulky form. Bur for a great majority of real materials it can be simplified. For many materials the 

singularity index of Abel’s  core   is very close to a unit. Then we have:  
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 For oscillation amplitude we get the following simplified expression:  
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where  
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NUMERICAL REALIZATION 

The amplitude-frequency curves for force-free right end of the rod was constructed on the 

base of representation (2.22). Numerical realization was performed for the following values of the 

parameters:  
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Fig. 1. Amplitude-frequency curves 

 

CONCLUSION 

As we see from the graph, account of inertia of torsion of the rod’s element with respect to 

the axis perpendicular to the flexure plane reduces to smoothing of the amplitude-frequency curve. 

Within the studied frequencies, reduction of the parameter   characterizing the torsion 

inertia from the value  31013,5   to 31029,1   leads to appearance of two brightly expressed 

resonance frequencies.  
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